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DEFORMATIONS OF NONSINGULAR POISSON VARIETIES AND POISSON
INVERTIBLE SHEAVES
CHUNGHOON KIM
Abstract. In this paper, we study deformations of nonsingular Poisson varieties, deformations of
Poisson invertible sheaves and simultaneous deformations of nonsingular Poisson varieties and Pois-
son invertible sheaves, which extend flat deformation theory of nonsingular varieties and invertible
sheaves. In an appendix, we study deformations of Poisson vector bundles. We identify first-order
deformations and obstructions.
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1. Introduction
In this paper, we study deformations of nonsingular Poisson varieties and Poisson invertible
sheaves, which extend flat deformation theory of algebraic schemes and invertible sheaves (see
[Ser06],[Har10]). In other words, when we ignore Poisson structures, underlying deformation the-
ory is exactly same to flat deformation theory of algebraic schemes and invertible sheaves. An
algebraic Poisson scheme X over k is an algebraic scheme over k whose structure sheaf OX
is a sheaf of Poisson k-algebras1, where k is an algebraically closed field with characteristic 0.
Equivalently, a Poisson structure on an algebraic scheme X is characterized by an element Λ0 ∈
Γ(X,H omOX (∧
2Ω1X/k,OX)) with [Λ0,Λ0] = 0, where [−,−] is the Schouten bracket on X. In
the sequel we denote an algebraic Poisson scheme by (X,Λ0). It is known that infinitesimal de-
formations of a nonsingular variety X is controlled by the tangent sheaf TX so that H
1(X,TX )
represents first-order deformations and H2(X,TX) represents obstructions (see [Ser06] Proposition
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1.2.9, Proposition 1.2.12). On the other hand, infinitesimal deformations of an invertible sheaf L on
a nonsingular variety X is controlled by the structure sheaf OX so that H
1(X,OX ) represents first-
order deformations and H2(X,OX ) represents obstructions (see [Ser06] Theorem 3.3.1). In Poisson
deformations of a nonsingular Poisson variety (X,Λ0), the role of TX is replaced by degree-shifted
(by 1) truncated Lichnerowicz-Poisson complex T •X : TX → ∧
2TX → · · · induced by [Λ0,−]. We will
denote the i-th hypercohomology group by Hi(X,Λ0, T
•
X)
2. Then H1(X,Λ0, T
•
X) represents first-
order deformations and H2(X,Λ0, T
•
X) represents obstructions (see Proposition 3.0.16, Proposition
3.0.18). A Poisson invertible sheaf L is an invertible sheaf equipped with a flat Poisson connection
∇. We will denote the Poisson invertible sheaf by (L,∇) (see Definition 4.0.26). In Poisson de-
formations of a Poisson invertible sheaf (L,∇), the role of OX is replaced by Lichnerowicz-Poisson
complex O•X : OX → TX → ∧
2TX → · · · induced by [Λ0,−]. We will denote the i-th hypercoho-
mology group by Hi(X,Λ0,O
•
X). Then H
1(X,Λ0,O
•
X) represents first-order deformations of (L,∇)
and H2(X,Λ0,O
•
X) represents obstructions (see Proposition 5.0.38).
We will review simultaneous deformation theory of nonsingular varieties and invertible sheaves,
and explain how the theory is extended in terms of simultaneous deformations of nonsingular
Poisson varieties and Poisson invertible sheaves. Let X be a nonsingular projective variety and L
be an invertible sheaf on it. We can identify isomorphism classes of invertible sheaves on X with the
Picard groupH1(X,O∗X ). Then the image of L underH
1(X,O∗X )→ H
1(X,Ω1X) induced by d log−,
where d is the canonical derivation, defines the Chern class c(L) ∈ H1(X,Ω1X), which gives the
Atiyah extension associated with c(L), 0→ OX → E
0
L → TX → 0. Then simultaneous deformations
of a nonsingular projective variety X and an invertible sheaf L is controlled by the locally free sheaf
E0L so that H
1(X, E0L) represents first-order deformations andH
2(X, E0L) represents obstructions (see
[Ser06] Theorem 3.3.11). Now assume that (X,Λ0) is a nonsingular projective Poisson variety over
C. We can identify isomorphism classes of Poisson invertible sheaves on (X,Λ0) with the Poisson
Picard group H1(X,Λ0,O
∗•
X ) which is the first hypercohomology group of the complex of sheaves
O∗•X : O
∗
X
[Λ0,log−]
−−−−−−→ TX
[Λ0,−]
−−−−→ ∧2TX
[Λ0,−]
−−−−→ · · · (see Definition 4.0.32). We define the notion of
the Poisson Chern class associated with a Poisson invertible sheaf (L,∇) where the Chern class
c(L) of the invertible sheaf L is realized as a component of the Poisson Chern class in the following
way (see Definition 4.0.34). We have a morphism of complex of sheaves, O∗•X → (Ω
1
X
iΛ0−−→ TX),
which induces H1(X,Λ0,O
∗•
X ) → H
1(Ω1X
iΛ0−−→ TX), where iΛ0 : Ω
1
X → TX is the natural morphism
induced by the bivector field Λ0 ∈ H
0(X,∧2TX) by contraction. We call the image of (L,∇) the
Poisson Chern class associated with (L,∇) and denote it by c(L,∇). Then the Poisson Chern
class c(L,∇) ∈ H1(Ω1X → TX) gives the Poisson Atiyah extension 0→ O
•
X → E
•
L → T
•
X → 0 which
extends the Atiyah extension 0→ OX → E
0
L → TX → 0 associated with the Chern class c(L), where
E•L : E
0
L
d
−→ E1L
d
−→ E2L → · · · is a complex of locally free sheaves and d is induced by [Λ0,−] and the
component of c(L,∇) associated with TX (see Proposition 7.0.46). In simultaneous deformations
of a nonsingular projective Poisson variety (X,Λ0) and a Poisson invertible sheaf (L,∇), the role
of E0L in simultaneous deformations of a nonsingular projective variety X and an invertible sheaf
L is replaced by E•L : E
0
L
d
−→ E1L
d
−→ E1L → · · · . We will denote the i-th hypercohomology group by
H
i(X,Λ0, E
•
L) so that H
1(X,Λ0, E
•
L) represents first-order deformations andH
2(X,Λ0, E
•
L) represents
obstructions (see Proposition 7.0.48).
In section 2, we review the characterization of the Poisson structure of an algebraic Poisson
scheme X over a base scheme S by an element Λ ∈ Γ(X,H omOX (∧
2Ω1X/S ,OX)) with [Λ,Λ] = 0
2In [Kim14a],[Kim14b] , the author used the notation HP i(X,Λ0) for the i-th hypercohomology group of unshifted
truncated Lichnerowicz-Poisson complex 0 → TX → ∧
2TX → ∧
3TX → · · · induced by [Λ0,−] in order to keep
notational consistency with [Nam08], [GK04]. However the author decides to use the notation Hi(X,Λ0, T
•
X) to express
the i-th hypercohomology group of shifted truncated Lichnerowicz-Poisson complex TX → ∧
2TX → ∧
3TX → · · ·
induced by [Λ0,−] since it looks more natural by the general philosophy of deformation theory.
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where [−,−] is the Schouten bracket on X over S (see Remark 2.0.7). We also review Lichnerowicz-
Poisson complex and define degree-shifted (by 1) truncated Lichnerowicz-Poisson complex with their
cohomology groups (see Remark 2.0.9).
In section 3, we study deformations of algebraic Poisson schemes which extend flat deformation
theory of algebraic schemes. We define the Poisson deformation functor Def(X,Λ0) which is a func-
tor of Artin rings for an algebraic Poisson scheme (X,Λ0) (see Definition 3.0.13). We identify first
order deformations of a nonsingular Poisson variety (X,Λ0) with H
1(X,Λ0, T
•
X) and obstructions
with H2(X,Λ0, T
•
X) (see Proposition 3.0.16, Proposition 3.0.18). We show that for a nonsingu-
lar projective Poisson variety (X,Λ0) with H
0(X,Λ0, T
•
X) = 0, the Poisson deformation functor
Def(X,Λ0) is pro-representable (see Theorem 3.0.24).
In section 4, we study Poisson invertible sheaves on an algebraic Poisson scheme (X,Λ0). A
Poisson invertible sheaf L on (X,Λ0) is an invertible sheaf equipped with a flat Poisson connection
∇, which is denoted by (L,∇) (see Definition 4.0.26). The group of Poisson invertible sheaves on an
algebraic Poisson scheme on (X,Λ0) can be identified with H
1(X,Λ0,O
∗•
X ) (see Definition 4.0.32).
A flat Poisson connection ∇ on an invertible sheaf L on a nonsingular Poisson variety (X,Λ0) is
extended to a complex of sheaves L• : L
∇
−→ TX ⊗ L→ ∧
2TX ⊗ L→ · · · (see Remark 4.0.27). We
denote the i-th hypercohomology group by Hi(X,Λ0, L
•,∇). We define the notion of the Poisson
Chern class associated with a Poisson invertible sheaf on a nonsingular Poisson variety over C. (see
Definition 4.0.34).
In section 5, we study deformations of Poisson invertible sheaves under the trivial Poisson de-
formations. We define the associated deformation functor Def(L,∇) for a Poisson invertible sheaf
(L,∇) on a nonsingular Poisson variety (X,Λ0) (see Definition 5.0.36). We identify first-order
deformations of a Poisson invertible sheaf on a nonsingular Poisson variety with H1(X,Λ0,O
•
X )
and obstructions with H2(X,Λ0,O
•
X) (see Proposition 5.0.38). We show that for a nonsingular
projective Poisson variety, the functor Def(L,∇) is pro-representable (see Theorem 5.0.43).
In section 6, we study deformations of sections of a Poisson invertible sheaf (L,∇) in the trivial
Poisson deformations. We show that the formalism of deformations of sections of an invertible sheaf
L in the trivial deformations can be extended to Poisson deformations by replacing H1(X,OX )
and H i(X,L) by H1(X,Λ0,O
•
X) and H
i(X,Λ0, L
•,∇), i = 0, 1, respectively. For a global section
s ∈ H0(X,Λ0, L
•,∇) and a first-order deformation a ∈ H1(X,Λ0,O
•
X), we study a condition when
s can be extended to a section s˜ ∈ H0(X × Spec(k[ǫ]),Λ0,L
•
a,∇a) of the first-order deformation
associated with a (see Proposition 6.0.45).
In section 7, we study simultaneous deformations of nonsingular Poisson varieties and Poisson
invertible sheaves. We define the associated deformation functor Def(X,Λ0,L,∇) for a nonsingular
Poisson variety (X,Λ0) and a Poisson invertible sheaf (L,∇) on (X,Λ0) (see Definition 7.0.47).
Given a nonsingular projective Poisson variety (X,Λ0) over C and a Poisson invertible sheaf
(L,∇), we show that the Poisson Chern class c(L,∇) of (L,∇) gives the Poisson Atiyah exten-
sion 0 → O•X → E
•
L → T
•
X → 0 (see Proposition 7.0.46). We identify first-order deformations with
H
1(X,Λ0, E
•
L) and obstructions with H
2(X,Λ0, E
•
L) (see Proposition 7.0.48).
In section 8, we study deformations of sections of a Poisson invertible sheaf (L,∇) in flat Poisson
deformations. We show that the formalism of deformations of sections of an invertible sheaf L in
flat deformations can be extended to Poisson deformations by replacing H1(X, E•L) and H
i(X,L) by
H
1(X,Λ0, E
0
L) and H
i(X,Λ0, L
•,∇), i = 0, 1, respectively. For a global section s ∈ H0(X,Λ0, L
•,∇)
and a first-order deformation η ∈ H1(X,Λ0, E
•
L), we study a condition when s can be extended to
a section s˜ ∈ H0(X ,Λ,L•,∇L) of the first-order deformation associated with η (see Proposition
8.0.59).
In Appendix B, more generally, we study deformations of Poisson vector bundles which extend
deformations of vector bundles. It is known that infinitesimal deformations of a vector bundle F
on a nonsingular variety X is controlled by the sheaf H om(F,F ) so that H1(X,H om(F,F )) =
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Ext1(F,F ) represents first-order deformations and H2(X,H om(F,F )) = Ext2(F,F ) represents
obstructions. Given a nonsingular Poisson variety (X,Λ0), a Poisson vector bundle F is a locally
free sheaf of finite rank equipped with a flat Poisson connection ∇. We will denote the Poisson
vector bundle by (F,∇) (see Definition B.0.61). Then H om(F,F ) has a natural flat Poisson
connection ∇H om(F,F ) which defines a complex of sheaves H om(F,F )
• : H om(F,F ) → TX ⊗
H om(F,F ) → ∧2TX ⊗ H om(F,F ) → · · · . We will denote the i-th hypercohomology group by
H
i(X,Λ0,H om(F,F )
•,∇H om(F,F )) (see Remark B.0.65). We define the associated deformation
functor Def(F,∇) (see Definition B.0.67). We show that infinitesimal deformations of a Poisson
vector bundle (F,∇) is controlled by H om(F,F )• so that H1(X,Λ0,H om(F,F )
•,∇H om(F,F ))
represents first-order deformations andH2(X,Λ0,H om(F,F )
•,∇H om(F,F )) represents obstructions
(see Proposition B.0.68).
2. Preliminaries
In this paper, every algebra is a commutative k-algebra, where k is an algebraically closed field
with characteristic 0. We review the characterization of a Poisson structure on a commutative
algebra A over R in terms of an element Λ ∈ HomA(∧
2Ω1R/A, A) with [Λ,Λ] = 0 where [−,−] is
the Schouten bracket on
⊕
p≥0HomA(∧
pΩ1A/R, A) and Ω
1
A/R is the A-module of relative Ka¨hler
differential forms of A over R. For the detail, we refer to [LGPV13] Chapter 3. Let d : A→ Ω1A/R
be the canonical map.
Definition 2.0.1 (Poisson algebras). A commutative algebra A over a commutative algebra R is
a Poisson algebra over R if there is an operation {−,−} : A×A→ A such that for F,G,H ∈ A,
(1) {−,−} is a skew-symmetric R-bilinear : {F,G} = −{G,F}.
(2) {FG,H} = F{G,H} +G{F,H} (biderivation)
(3) {F, {G,H}} + {G, {H,F}} + {H, {F,G}} = 0 (Jacobi identity).
{−,−} is called the Poisson bracket of the Poisson algebra A over R. The bracket {−,−} defines
an element Λ ∈ HomA(∧
2Ω1A/R, A) so that for F,G ∈ A, {F,G} = Λ(dF ∧ dG). Then we will
denote by (A,Λ) the Poisson algebra A over R with the Poisson bracket {−,−}.
Definition 2.0.2. For p, q ∈ N, a (p, q)-shuffle is a permutation σ of the set {1, ..., p + q}, such
that σ(1) < · · · < σ(p) and σ(p + 1) < · · · < σ(p + q). The set of all (p, q)-shuffles is denoted by
Sp,q. For a shuffle σ ∈ Sp,q, we denote the signature of σ by sgn(σ). By convention, Sp,−1 := ∅
and S−1,q := ∅ for p, q ∈ N.
Definition 2.0.3. We define the Schouten bracket [−,−] on
⊕
p≥0HomA(∧
pΩ1A/R, A), namely a
family of maps
[−,−] : HomA(∧
pΩ1A/R, A)×HomA(∧
qΩ1A/R, A)→ HomA(∧
p+q−1Ω1A/R, A)
for p, q ∈ N in the following way. Let P ∈ HomA(∧
pΩ1A/R, A) and Q ∈ HomA(∧
qΩ1A/R, A), and let
F1, ..., Fp+q−1 ∈ A. Then [P,Q] ∈ HomA(∧
p+q−1Ω1A/R, A) is defined by
[P,Q](dF1 ∧ · · · ∧ dFp+q−1) =
∑
σ∈Sq,p−1
sgn(σ)P (d(Q(dFσ(1) ∧ ... ∧ dFσ(q))) ∧ dFσ(q+1) · · · ∧ dFσ(q+p−1))
−(−1)(p−1)(q−1)
∑
σ∈Sp,q−1
sgn(σ)Q(d(P (dFσ(1) ∧ ... ∧ dFσ(p))) ∧ dFσ(p+1) ∧ · · · ∧ dFσ(p+q−1))
Example 1. Let P ∈ HomA(∧
2Ω1A/R, A), Q ∈ HomA(Ω
1
A/R, A) and R ∈ HomA(Ω
1
A/R, A). Then
(1) [P,Q](dF1 ∧ dF2) = P (dQ(dF1) ∧ dF2)− P (d(Q(F2)) ∧ dF1)−Q(d(P (dF1 ∧ dF2)))
(2) [Q,R](dF ) = Q(dR(dF )) −R(dQ(dF ))
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Proposition 2.0.4. Let A be a commutative algebra over R. If Λ is a skew symmetric biderivation
of A over R, i.e Λ ∈ HomA(∧
2Ω1A/R, A), then P defines a Poisson bracket (i.e Jacobi identity
holds) if and only if [Λ,Λ] = 0.
Proof. See [LGPV13] Proposition 3.5 page 80. 
Remark 2.0.5. Let (A,Λ) be a Poisson algebra over R with Λ ∈ HomA(∧
2,Ω1A/R, A) with [Λ,Λ] =
0. Then we have the following properties: for P ∈ HomA(∧
pΩ1A/R, A) and Q ∈ HomA(∧
qΩ1A/R, A)
and S ∈ HomA(∧
rΩ1A/R, A),
(1) [Λ, [Λ, P ]]] = 0 and [Λ, P ] ∈ HomA(∧
p+1Ω1A/R, A)
(2) [P,Q] = −(−1)(p−1)(q−1)[Q,P ]
(3) [[P,Q], S] = [P, [Q,S]]− (−1)(p−1)(q−1)[Q, [P, S]]
(4) [Λ, [P,Q]] = [[Λ, P ], Q] + (−1)p−1[P, [Λ, Q]]
(5) [P,Q ∧ S] = Q ∧ [P, S] + (−1)(p−1)r [P,Q] ∧ S
(6) [Λ,Λ] = 0 define a complex
A
[Λ,−]
−−−→ HomA(Ω
1
A/R, A)
[Λ,−]
−−−→ HomA(∧
2Ω1A/R, A)
[Λ,−]
−−−→ HomA(∧
3Ω1A/R, A)
[Λ,−]
−−−→ · · ·
which is known as Lichnerowicz-Poisson complex.
Example 2. Let B ⊗k A be a A-algebra and B is a finitely generated k-algebra so that Ω
1
B/k
is finitely presented. Then HomB⊗kA(∧
pΩ1B⊗kA/A, B ⊗k A)
∼= HomB(∧
pΩ1B/k, B) ⊗k A. So the
Schouten bracket [−,−]B⊗kA on HomB(∧
pΩ1B/k, B)⊗A over A can be seen as
[P ⊗ a,Q⊗ b]B⊗kA = [P,Q]B ⊗ ab
We can globalize a Poisson algebra (A,Λ) over R to define a Poisson scheme over some base
scheme. We note that we can globalize the Schouten bracket, and so characterize a Poisson scheme
over some base scheme. (for the detail, see the third part of the author’s Ph.D thesis [Kim14a])
Definition 2.0.6. Let f : X → S be a morphism of k-schemes. There is an operation
[−,−] : H omOX (∧
pΩ1X/S ,OX)×H omOX (∧
qΩ1X/S ,OX)→ H omOX (∧
p+q−1Ω1X/S ,OX)
which is called the Schouten bracket on a scheme X over S.
Remark 2.0.7. Let f : X → S be a morphsim of k-schemes. The following are equivalent.
(1) X is a Poisson scheme over S.
(2) There exists a global section Λ ∈ Γ(X,H omOX (∧
2Ω1X/S ,OX)) with [Λ,Λ] = 0.
We will denote the Poisson scheme by (X,Λ).
Definition 2.0.8. Let (X,Λ0) be an algebraic Poisson scheme over S. Then we define Lichnerowicz-
Poisson complex by the following complex of sheaves
OX
[Λ0,−]
−−−−→ H omOX (Ω
1
X/S ,OX)
[Λ0,−]
−−−−→ H omOX (∧
2Ω1X/S ,OX)
[Λ0,−]
−−−−→ H omOX (∧
3Ω1X/S ,OX)
[Λ0,−]
−−−−→ · · ·
We define i-th shifted (by 1) truncated Lichnerowicz-Poisson complex by the following complex of
sheaves
H omOX (Ω
1
X/S ,OX)
[Λ0,−]
−−−−→ H omOX (∧
2Ω1X/S ,OX)
[Λ0,−]
−−−−→ H omOX (∧
3Ω1X/S ,OX)
[Λ0,−]
−−−−→ · · ·
Remark 2.0.9. Let (X,Λ0) be a nonsingular Poisson variety over k. In this case we denote
H omOX (∧
iΩ1X/k,OX) by ∧
iTX so that the Lichnerowicz-Poisson complex is
O•X : OX
[Λ0,−]
−−−−→ TX
[Λ0,−]
−−−−→ ∧2TX
[Λ0,−]
−−−−→ · · ·
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We will denote its i-th hypercohomology group by Hi(X,Λ0,O
•
X). On the other hand, shiftd trun-
cated Lichnerowicz-Poisson complex is
T •X : TX
[Λ0,−]
−−−−→ ∧2TX
[Λ0,−]
−−−−→ ∧3TX
[Λ0,−]
−−−−→ · · ·
We will denote its i-th hypercohomology group by Hi(X,Λ0, T
•
X).
3. Deformations of algebraic Poisson schemes
We denote by Art the category of local artinian k-algebras with residue field k, where k is an
algebraically closed field with characteristic 0.
Definition 3.0.10 (small extension). We say that for (A˜, m˜), (A,m) ∈ Art, an exact sequence of
the form 0→ (t)→ A˜→ A→ 0 is a small extension if t ∈ m˜ is annihilated by m˜ (i.e, t · m˜ = 0) so
that (t) is an one dimensional k-vector space.
Lemma 3.0.11 (compare [Ser06] Lemma 1.2.6 page 26). Let B0 be a Poisson k-algebra with the
Poisson structure Λ0 ∈ HomB0(∧
2ΩB0/k, B0), and
e : 0→ (t)→ A˜→ A→ 0
a small extension in Art. Let Λ ∈ HomB0(∧
2Ω1B0/k, B0) ⊗k A be a Poisson structure on B0 ⊗k A
over A inducing Λ0. Let Λ1,Λ2 ∈ HomB0(∧
2Ω1B0/k, B0) ⊗k A˜ be skew-symmetric biderivations on
B0 ⊗k A˜ over A˜ which induces Λ. This implies that there exists a Λ
′ ∈ HomB0(∧
2Ω1B0/k, B0) such
that Λ1 − Λ2 = tΛ
′. Then there is one to one correspondence
{isomorphisms between (B0 ⊗k A˜,Λ1) and (B0 ⊗k A˜,Λ2) inducing the identity on (B0 ⊗k A,Λ)}
→ {P ∈ Derk(B0, B0) = HomB0(Ω
1
B0/k
, B0)|Λ
′ − [Λ0, P ] = Λ
′ + [P,Λ0] = 0}
In particular, when Λ1 = Λ2, there is a canonical isomorphism of groups
{automorphisms on (B0 ⊗k A˜,Λ1) inducing the identity on (B0 ⊗k A,Λ)} → PDerk(B0, B0)
Proof. Let θ : (B0 ⊗k A˜,Λ1)→ (B0 ⊗k A˜,Λ2) be an isomorphism compatible with skew symmetric
biderivations which induces the identity on (B0 ⊗k A,Λ) so that θ is A˜-linear and induces the
identity modulo by t. We have θ(x) = x+ tPx, where P ∈ DerA˜(B0 ⊗k A˜, B0) = Derk(B0, B0) =
HomB0(Ω
1
B0/k
, B0). When we think of P as an element of HomB0(Ω
1
B0/k
, B0), we have θ(x) =
x+ tP (dx). We define the correspondence by θ 7→ P . Now we check that Λ′ − [Λ0, P ] = 0. Since θ
is compatible with skew-symmetric biderivations Λ1,Λ2, for x, y ∈ B0, we have by Example (1),
θ(Λ1(dx ∧ dy)) = Λ2(d(θx) ∧ d(θy))
Λ1(dx ∧ dy) + tP (d(Λ1(dx ∧ dy))) = Λ2((dx+ td(P (dx))) ∧ (dy + td(P (dy))))
Λ1(dx ∧ dy) + tP (d(Λ0(dx ∧ dy))) = Λ2(dx ∧ dy) + tΛ0(dx ∧ d(P (dy))) + tΛ0(d(P (dx)) ∧ dy)
t[Λ′(dx ∧ dy) + P (d(Λ0(dx ∧ dy))) − Λ0(dx ∧ d(P (dy))) − Λ0(d(P (dx)) ∧ dy)] = 0
Λ′ − [Λ0, P ] = 0
Since θ is determined by P , the correspondence is one to one.
Now we assume that Λ1 = Λ2. So θ corresponds to P with [Λ0, P ] = 0. First we note that
P ∈ HomB0(Ω
1
B0/k
, B0) with [Λ, P ] = 0 is a Poisson derivation. i.e P ∈ PDerk(B0, B0). In other
words, P ({x, y}) = {Px, y}+{x, Py}. Indeed, 0 = [Λ0, P ](dx∧dy) = Λ0(d(Px)∧dy)−Λ0(d(Py)∧
dx)− P (d(Λ0(dx ∧ dy)).
We show that the correspondence is a group isomorphism. Indeed, let θ(x) = x + tPx and
σ(y) = y + tQy with [Λ0, P ] = [Λ0, Q] = 0. Then σ(θ(x)) = θ(x) + tQ(θ(x)) = x+ tPx+ tQ(x+
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tPx) = x+ tPx+ tQx = x+ t(P +Q)x. Hence σ ◦ θ corresponds to P +Q. Since [Λ0, P +Q] = 0
and identity map corresponds to 0, the correspondence is a group isomorphism. 
Lemma 3.0.12. Let B0 be a k-algebra with T0 ∈ HomB0(Ω
1
B0/k
, B0), and e : 0 → (t) → A˜ →
A → 0 a small extension in Art. Let T ∈ HomB0(Ω
1
B0/k
, B0) ⊗ A inducing T0, and T1, T2 ∈
HomB0(ΩB0/k, B0)⊗ A˜ which induce T . This implies that there is a T
′ ∈ HomB0(Ω
1
B0/k
, B0) such
that T1 − T2 = tT
′. Then there is one to one correspondence
{isomorphisms between (B0 ⊗k A˜, T1) and (B0 ⊗k A˜, T2) inducing the identity on (B0 ⊗k A,T )}
→ {P ∈ Derk(B0, B0) = HomB0(ΩB0/k, B0)|T
′ − [T0, P ] = T
′ + [P, T0] = 0}
Proof. We keep the notations in the proof of Lemma 3.0.11. Since θ(T1(dx)) = T2(dθ(x)), we have
T1(dx) + tP (dT0(dx)) = T2(dx) + tT0(dP (dx)), which means T
′ + [P, T0] = 0. 
Now we discuss deformations of algebraic Poisson schemes. All schemes will be assumed to be
defined over an algebraically closed field k with characteristic 0, locally noetherian and separated.
Definition 3.0.13 (flat Poisson deformations, compare [Ser06] and see also [Nam08], [GK04]).
Let A ∈ Art. Let (X,Λ0) be an algebraic Poisson scheme over k. An infinitesimal (Poisson)
deformation of (X,Λ0) over A is a cartesian diagram of morphisms of schemes
ξ :
(X,Λ0)
i
−−−−→ (X ,Λ)y yπ
Spec(k) −−−−→ Spec(A)
where π is flat, (X ,Λ) is a Poisson scheme over Spec(A) with Λ ∈ Γ(X ,H omOX (∧
2Ω1X/A,OX ))
and (X,Λ0) ∼= (X ,Λ) ×Spec(A) Spec(k) as a Poisson isomorphism: in other words, Λ0 is induced
from Λ so that (X,Λ0) is a closed Poisson subscheme of (X ,Λ). ξ is called a first-order deformation
if A = k[ǫ]. Two deformations (X ,Λ) and (X ′,Λ′) of (X,Λ0) is isomorphic if there is a Poisson
isomorphism φ : (X ,Λ) → (X ′,Λ′) over Spec(A) inducing (X,Λ0). Then we can define a functor
of Artin rings
Def(X,Λ0) : Art→ (sets)
A 7→ {infinitesimal deformations of (X,Λ0) over A}/isomorphism
Definition 3.0.14 (trivial Poisson deformations). Let (X,Λ0) be an algebraic Poisson scheme over
k. An infinitesimal deformation of (X,Λ0) over A ∈ Art is called trivial if it is isomorphic to the
following infinitesimal deformation
(X,Λ0) −−−−→ (X ×Spec(k) Spec(A),Λ0)y yπ
Spec(k) −−−−→ Spec(A)
Definition 3.0.15 (rigid Poisson deformations). An algebraic Poisson scheme (X,Λ0) over k is
called rigid if every infinitesimal Poisson deformation of (X,Λ0) over A is trivial for every A in
Art.
Proposition 3.0.16 (compare [Ser06] Proposition 1.2.9 page 29 and see also [Nam08] Proposition
8). Let (X,Λ0) be a nonsingular Poisson variety with Λ0 ∈ Γ(X,∧
2TX). There is a canonical
isomorphism
Def(X,Λ0)(k[ǫ]) = {first order Poisson deformations of (X,Λ0)/isomorphism}
κ
−→ H1(X,Λ0, T
•
X)
such that κ(ξ) = 0 if and only ξ is the trivial Poisson deformation class.
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Proof. Given a first-order Poisson deformation of a nonsingular Poisson variety (X,Λ0),
(X,Λ0) −−−−→ (X ,Λ)y y
Spec(k) −−−−→ Spec(k[ǫ])
we choose an affine open covering U = {Ui} of X such that X|Ui
∼= Ui × Spec(k[ǫ]) is trivial for all
i with the induced Poisson structure Λ0 + ǫΛi ∈ Γ(Ui, TX)⊗k k[ǫ] on Ui × Spec(k[ǫ]) from Λ. For
each i, we have a Poisson isomorphism
θi : (Ui × Spec(k[ǫ]),Λ0 + ǫΛi)→ (X|Ui ,Λ|Ui)
Then for each i, j, θij := θ
−1
j θi : (Uij × Spec(k[ǫ]),Λ0 + ǫΛi) → (Uij × Spec(k[ǫ]),Λ0 + ǫΛj) is
a Poisson isomorphism inducing the identity on (Uij ,Λ0) by modulo ǫ. Hence by Lemma 3.0.11,
θij corresponds to Id + ǫpij : (OX(Uij) ⊗ k[ǫ],Λ0 + ǫΛj) → (OX(Uij) ⊗ k[ǫ],Λ0 + ǫΛi) where
pij ∈ Γ(Uij , TX) where TX = H omOX (Ω
1
X/k,OX) = Derk(OX ,OX) such that Λj−Λi−[Λ0, pij ] = 0.
We claim that ({pij}, {−Λi}) ∈ C
1(U , TX) ⊕ C
0(U ,∧2TX) is a 1-cocycle in the following diagram
(here δ is the Cˇech map)
C0(U ,∧3TX)
[Λ0,−]
x
C0(U ,∧2TX)
δ
−−−−→ C1(U , TX)
[Λ0,−]
x [Λ0,−]x
C0(U , TX)
−δ
−−−−→ C1(U , TX)
δ
−−−−→ C2(U , TX)
Since [Λ0 + ǫΛi,Λ0 + ǫΛi] = 0, we have [Λ0,−Λi] = 0. Since on each Uijk we have θijθjkθ
−1
ik =
IdUijk×Spec(k[ǫ]), we have (Id+ ǫpij)◦ (Id+ ǫpjk)◦ (Id+ ǫpki) = Id so that pij+pjk−pik = 0, and so
δ({pij}) = 0. Since Λj−Λi− [Λ0, pij] = 0, we have δ({−Λi})+[Λ0, {pij}] = 0. Hence ({pij}, {−Λi})
defines an element in H1(X,Λ, T •X ).
Now we show that for two equivalent Poisson deformations of (X,Λ0), associated 1-cocycles are
equivalent. If we have another Poisson deformation
(X,Λ0) −−−−→ (X
′,Λ′)y y
Spec(k) −−−−→ Spec(k[ǫ])
which induces a 1-cocycle ({p′ij}, {−Λ
′
i}) and Φ : (X ,Λ) → (X
′,Λ′) is a Poisson isomorphism of
deformations, then for each i, there is an induced Poisson isomorphism:
αi : (Ui × Spec(k[ǫ]),Λ0 + ǫΛi)
θi−→ (X|Ui ,Λ|Ui)
Φ|Ui−−−→ (X ′|Ui ,Λ
′|Ui)
θ
′
−1
i−−−→ (Ui × Spec(k[ǫ]),Λ0 + ǫΛ
′
i)
Then αi corresponds to ai ∈ Γ(Ui, TX) such that Λ
′
i−Λi− [Λ0, ai] = 0 by Lemma 3.0.11 . We have
θ′iαi = Φ|Uiθi and therefore (θ
′
jαj)
−1(θ′iαi) = θ
−1
j Φ|
−1
Uij
Φ|Uijθi = θij so that we have α
−1
j θ
′
ijαi = θij
Hence (Id+ ǫai)(Id + ǫp
′
ij)(Id− ǫa
′
j) = Id+ ǫpij which means ai − aj = pij − p
′
ij.
Since −δ({ai}) = ai−aj = pij − p
′
ij and Λ
′
i−Λi = [Λ0, ai], ({pij}, {−Λi}) and ({p
′
ij}, {−Λ
′
i}) are
cohomologous.
Now we define an inverse map. Given an element in H1(X,Λ0, T
•
X), we represent it by a Cˇech
1-cocylce ({pij}, {−Λi}) for an affine open cover U = {Ui} of X. So we have [Λ0,−Λi] = 0,
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pij + pjk − pik = 0 and Λi − Λj = [Λ0, pij] = 0. By reversing the above process, the cohomology
class gives a glueing condition to make a Poisson deformation of (X,Λ0). 
Definition 3.0.17. Let (X,Λ0) be a nonsingular Poisson variety. Consider a small extension
e : 0→ (t)→ A˜→ A→ 0
in Art. let
ξ :
(X,Λ0) −−−−→ (X ,Λ)y y
Spec(k) −−−−→ Spec(A)
be an infinitesimal Poisson deformation of (X,Λ0) over A. A lifting of ξ to A˜ is an infinitesimal
Poisson deformation ξ˜ over A˜
ξ˜ :
(X,Λ0) −−−−→ (X˜ , Λ˜)y y
Spec(k) −−−−→ Spec(A˜)
inducing ξ up to isomorphism.
Proposition 3.0.18 (compare [Ser06] Proposition 1.2.12). Let (X,Λ0) be a nonsingular Poisson
variety. Let A ∈ Art and an infinitesimal Poisson deformation ξ = (X ,Λ) of (X,Λ0) over A. To
every small extension e : 0→ (t)→ A˜→ A→ 0, we can associate an element oξ(e) ∈ H
2(X,Λ0, T
•
X)
called the obstruction lifting of ξ to A˜, which is 0 if and only if a lifting of ξ to A˜ exists.
Proof. Let U = {Ui} be an affine open covering of X such that we have Poisson isomorphisms
θi : (Ui × Spec(A),Λi) → (X|Ui ,Λ|Ui), where Λi ∈ Γ(Ui,∧
2TX) ⊗ A with [Λi,Λi] = 0, and θij :=
θ−1j θi is a Poisson isomorphism with θijθjk = θik on Uijk × Spec(A). To give a lifting ξ˜ of ξ
to A˜ is equivalent to give a collection of {Λ˜i} where Λ˜i ∈ Γ(Ui,∧
2TX) ⊗k A˜ with [Λ˜i, Λ˜i] = 0
is a Poisson structure on Ui × Spec(A˜) and a collection of Poisson isomorphisms {θ˜ij} where
θ˜ij : (Uij × Spec(A˜), Λ˜i)→ (Uij × Spec(A˜), Λ˜j) such that
(1) θ˜ij θ˜jk = θ˜ik as a Poisson isomorphism.
(2) θ˜ij restricts to θij on Uij × Spec(A).
(3) Λ˜i restrits to Λi.
From such data, we can glue together (Ui × Spec(A˜), Λ˜i) to make a Poisson deformation (X˜ , Λ˜)
inducing (X ,Λ). Now given a Poisson deformation ξ = (X ,Λ) over A and a small extension
e : 0 → (t) → A˜ → A → 0, we associate an element oξ(e) ∈ H
2(X,Λ0, T
•
X). Choose arbi-
trary automorphisms {θ˜ij} satisfying (2) (for the existence of lifting, see [Ser06] Lemma 1.2.8)
and arbitrary Λ˜i ∈ Γ(Ui,∧
2TX) satisfying (3) (not necessarily [Λ˜i, Λ˜i] = 0). The lifting exists
since Γ(Ui,∧
2TX) ⊗k A˜ → Γ(Ui,∧
2TX) ⊗k A is surjective. Let θ˜ijk = θ˜ij θ˜jkθ˜
−1
ik . Since θ˜ijk is an
automorphism on Uijk × Spec(A˜) inducing the identity on Uijk × Spec(A), θ˜ijk corresponds to
d˜ijk ∈ Γ(Uijk, TX) and d˜jkl − d˜ikl + d˜ijl − d˜jkl = 0. So we have −δ({d˜ijk}) = 0. Since [Λ˜i, Λ˜i]
is zero modulo (t) by [Λi,Λi] = 0, there exists Πi ∈ Γ(Ui,∧
3TX) such that [Λ˜i, Λ˜i] = tΠi. Since
0 = [Λ˜i, [Λ˜i, Λ˜i]] = [Λ˜i, tΠi] = t[Λ0,Πi] = 0, we have [Λ0,Πi] = 0.
Let f˜ij : OX(Uij)⊗k A˜→ OX(Uij)⊗k A˜ be the ring homomorphism corresponding to θ˜ij. We will
denote by f˜ijΛj be the induced skew symmetric biderivation structure on OX(Uij)⊗k A˜ such that
f˜ij : (OX(Uij)⊗k A˜, Λ˜j)→ (OX(Uji)⊗k A˜, f˜ijΛj) is skew symmetric biderivation-preserving. Since
f˜ijΛ˜j and Λ˜i are same modulo (t) by (3), there exists Λ
′
ij ∈ Γ(Uij ,∧
2TX) such that tΛ
′
ij = f˜ijΛ˜j−Λ˜i.
Then tΛ′ji = f˜jiΛi − Λj . By applying f˜ij on both sides, we have tΛ
′
ji = Λ˜i − f˜ijΛ˜j = −tΛ
′
ij.
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Hence Λ′ji = −Λ
′
ij. We note that tΠi − tΠj = tΠi − f˜ij(tΠj) = [Λ˜i, Λ˜i] − f˜ij[Λ˜j , Λ˜j ] = [Λ˜i, Λ˜i] −
[f˜ijΛ˜j , f˜ijΛ˜j ] = [Λ˜i, Λ˜i]−[Λ˜i+tΛ
′
ij, Λ˜i+tΛ
′
ij] = t[Λ0,−2Λ
′
ij ]. Hence we have Πi−Πj+[Λ0, 2Λ
′
ij ] = 0.
So we have −δ({Πi}) + [Λ0, {2Λ
′
ij}] = 0. In the following isomorphism
α˜ijk : Uijk × Spec(A˜)
θ˜ij
−−→ Uijk × Spec(A˜)
θ˜jk
−−→ Uijk × Spec(A˜)
θ˜ki−−→ Uijk × Spec(A˜)
which corresponds to a d˜ijk ∈ Γ(Uijk, TX). Then we have
Id+ td˜ijk : OX(Uijk)⊗k A˜
f˜ki−−→ OX(Uijk)⊗k A˜
f˜jk
−−→ OX(Uijk)⊗k A˜
f˜ij
−−→ OX(Uijk)⊗k A˜
Id + td˜ijk : (OX(Uijk) ⊗ A˜, Λ˜i) → (OX(Uijk) ⊗k A˜, f˜ij f˜jkf˜kiΛ˜i) is an isomorphism compatible
with skew-symmetric bidervations. We note that Λ˜i − f˜ij f˜jkf˜kiΛ˜i = Λ˜i − f˜ij f˜jk(Λ˜k + tΛ
′
ki) =
Λ˜i− f˜ij(Λ˜j + tΛ
′
jk +Λ
′
ki) = Λ˜i− (Λ˜i+ tΛ
′
ij + tΛ
′
jk + tΛ
′
ki) = −t(Λ
′
ij +Λ
′
jk +Λ
′
ki). Hence by Lemma
3.0.11, we have −(Λ′ij + Λ
′
jk + Λ
′
ki) − [Λ0, d˜ijk] = 0. So we have −δ({Λ
′
ij}) + [Λ0,−{d˜ijk}] = 0.
Hence α = ({Πi}, {2Λ
′
ij}, {−2d˜ijk}) ∈ C
0(U ,∧3TX)⊕C
1(U ,∧2TX)⊕C
2(U , TX) is a 2-cocyle in the
following diagram
C0(U ,∧4TX)
[Λ0,−]
x
C0(U ,∧3TX)
−δ
−−−−→ C1(U ,∧3TX)
[Λ0,−]
x [Λ0,−]x
C0(U ,∧2TX)
δ
−−−−→ C1(U ,∧2TX)
−δ
−−−−→ C2(U ,∧2TX)
[Λ0,−]
x [Λ0,−]x [Λ0,−]x
C0(U , TX )
−δ
−−−−→ C1(U , TX)
δ
−−−−→ C2(U , TX)
−δ
−−−−→ C3(U , TX)
We claim that given a different choice {θ˜′ij} and {Λ˜
′
i} satisfying (1), (2), (3), the associated 2-
cocycle β = ({Π′i}, {2Λ
′′
ij}, {−2d˜
′
ijk}) ∈ C
0(U ,∧3TX)⊕C
1(U ,∧2TX)⊕C
2(U , TX) is cohomologous to
the 2-cocycle α associated with {θ˜ij} and {Λ˜i}. Let f˜
′
ij : OX(Uij)⊗A˜→ OX(Uij)⊗A˜ corresdpong to
θ˜′ij. Then f˜
′
ij = f˜ij + tpij for some pij ∈ Γ(Uij , TX)
3 and Λ˜′i = Λ˜i+ tΛ
′
i for some Λ
′
i ∈ Γ(Ui,∧
2TX).
For each i, j, k, θ˜′ij θ˜
′
jkθ˜
′−1
ik corresponds to the derivation d˜
′
ijk = d˜ijk + (pij + pjk − pik). Hence
δ(2{pij}) = {−2d˜ijk − (−2d˜
′
ijk)}. We also note that tΠ
′
i = [Λ˜
′
i, Λ˜
′
i] = [Λ˜i+ tΛ
′
i, Λ˜i+ tΛ
′
i] = [Λ˜i, Λ˜i]+
t[2Λ′i,Λ0] = tΠi + t[2Λ
′
i,Λ0]. Hence we have [Λ0, {−2Λ
′
i}] = {Πi − Π
′
i}. Since tΛ
′
ij = f˜ijΛ˜j − Λ˜i,
and tΛ′′ij = f˜
′
ijΛ˜
′
j − Λ˜
′
i = f˜ijΛ˜
′
j + t[pij, Λ˜
′
j ] − Λ˜
′
i = f˜ijΛ˜j + tΛ
′
j + t[pij,Λ0] − Λ˜i − tΛ
′
i, we have
Λ′ij −Λ
′′
ij = −Λ
′
j + [Λ0, pij ] +Λ
′
i. So δ({−2Λ
′
i})+ [Λ0, {2pij}] = 2Λ
′
ij − 2Λ
′′
ij . Hence ({−2Λ
′
i}, {2pij})
is mapped to α − β so that α and β are cohomologous. So given a deformation ξ and a small
extension e : 0 → (t) → A˜ → A → 0, we can associate an element oξ(e) := the cohomology class
of α ∈ H2(X,Λ0, T
•
X). We also note that oξ(e) = 0 if and only if there exists a collection of {θ˜ij}
and {Λ˜i} satisfying (2), (3) with [Λ˜i, Λ˜i] = 0 (which means Λ˜i defines a Poisson structure), Λ
′
ij = 0
(which implies f˜ijΛ˜j = Λ˜i) and d˜ijk = 0 (which means (1)) if and only if there is a lifting ξ˜.

3Since f˜ ′ij − f˜ij is zero modulo t, we have (f˜
′
ij − f˜ij)(x) = 0 + tpij(x) for some map pij . We show that pij is a
derivation. Indeed, tpij(xy) = (f˜ij−fij)(xy) = f˜ij(x)(f˜ij−fij)(y)+(f˜ij−fij)(x)fij(y) = f˜ij(x)tpij(y)+tpij(y)fij(y) =
t(xpij(y) + ypij(x)). So pij is a derivation and so an element in Γ(Uij , TX).
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Definition 3.0.19. The Poisson deformation ξ is called unobstructed if oξ is the zero map, other-
wise ξ is called obstructed. (X,Λ0) is unobstructed if every infinitesimal deformation of (X,Λ0) is
unobstructed, otherwise (X,Λ0) is obstructed.
Corollary 3.0.20. A nonsingular Poisson variety (X,Λ0) is unobstructed if H
2(X,Λ0, T
•
X) = 0.
Example 3. Let (X,Λ0) be a nondegenerate Poisson K3 surface. In other words, (X,Λ0) is
symplectic. Since iΛ0 : Ω
1
X → TX is isomorphic, H
i(X,Λ0, T
•
X) is isomorphic to H
i(X,Ω•X), where
Ω•X : Ω
1
X
∂
−→ ∧2Ω1X
∂
−→ ∧3Ω1X
∂
−→ · · · . By using the exact sequence of complex of sheaves 0→ Ω•−1X →
O•X → OX → 0, where Ω
•−1
X : 0 → Ω
1
X
∂
−→ ∧2Ω1X
∂
−→ · · · , and O•X : OX
∂
−→ Ω1X
∂
−→ ∧2Ω1X
∂
−→ · · · , we
get H1(X,Ω•X) = 21 and H
2(X,Ω•X) = 0. Hence a symplectic K3 surface is unobstructed. Given
a cocycle {pij} ∈ C
1(U ,Ω1X), there exists {Λi} ∈ C
0(U ,∧2Ω1X) such that δ({Λi}) = {∂pij} since
H1(X,∧2Ω1X) = 0. Hence we get a surjection H
1(X,Ω•X ) → H
1(X,Ω1X). In other words, any
first-order flat deformation extends to a first-order Poisson deformation. Similarly, for a trivial
Poisson K3 surface, we get the same situation.
Proposition 3.0.21. A nonsingular Poisson variety (X,Λ0) is rigid if and only if H
1(X,Λ0, T
•
X) =
0.4
Proof. Assume that (X,Λ0) is rigid. Since any infinitesimal Poisson deformation (in particular,
any first order Poisson deformations) are trivial, H1(X,Λ0, T
•
X) = 0 by Proposition 3.0.16. Assume
that H1(X,Λ0, T
•
X) = 0. First we claim that given an infinitesimal Poisson deformation η of (X,Λ0)
over A ∈ Art and a small extension e : 0 → (t) → A˜ → A → 0, any two liftings ξ, ξ˜ of η to A˜
are equivalent. Let {Ui} be an affine open covering of ξ = (X ,Λ) and ξ˜ = (X˜ , Λ˜). Let {θi} where
θi : Ui×Spec(A˜)→ X|Ui , {Λi} where Λi is the Poisson structure on Ui×Spec(A˜) induced from from
Λ|Ui and let θij = θ
−1
j θi. Let {θ˜i} where θ˜i : Ui×Spec(A˜)→ X˜ |Ui , {Λ˜i} where the induced Poisson
structure from Λ˜ on Ui × Spec(A˜) and let θ˜ij = θ˜
−1
j θ˜i. Let fij : (OX(Uij) ⊗ A˜,Λj) → (OX(Uij)⊗
A˜,Λi) be the homomorphism corresponding to θij and f˜ij : (OX(Uij)⊗ A˜, Λ˜j)→ (OX(Uij)⊗ A˜, Λ˜i)
corresponding to θ˜ij . Since ξ, ξ˜ induce the same Poisson deformation η over A, we have
f˜ij = fij + tpij, Λ˜i = Λi + tΛ
′
i
for some pij ∈ Γ(Uij , TX). Then for all i, j, k we have pij + pjk − pik = 0. Since 0 = [Λ˜i, Λ˜i] =
[Λi + tΛ
′
i,Λi + tΛ
′
i] = 2t[Λ
′
i,Λ0], we have [Λ0,Λ
′
i] = 0. Since fijΛj = Λi and f˜ijΛ˜j = Λ˜i, we
have Λi + tΛ
′
i = Λ˜i = f˜ijΛ˜j = (fij + tpij)(Λj + tΛ
′
j) = Λi − t[Λ0, pij] + tΛ
′
j. Hence we have
Λ′j − Λ
′
i + [Λ0,−pij ] = 0. Hence ({Λ
′
i}, {−pij}) defines a cocylce. Since H
1(X,Λ0, T
•
X) = 0, there
exists {ai} ∈ C
0(U , TX) such that [Λ0, ai] = Λ
′
i and aj − ai = pij . Now we explicitly construct a
Poisson isomorphism (X˜ , Λ˜) ∼= (X ,Λ). We define a Poisson isomorphism locally on Ui × Spec(A˜),
and show that each map glue together to give a Poisson isomorphism (X˜ , Λ˜) ∼= (X ,Λ). We claim
that (Ui × Spec(A˜),Λi) → (Ui × Spec(A˜), Λ˜i) is a Poisson isomorphism induced from Id + tai :
(OX(Ui) ⊗k A˜, Λ˜i) → (OX(Ui) ⊗k A˜,Λi). The inverse map is Id − tai. Since Λ˜i + t[ai, Λ˜i] =
Λ˜i+t[ai,Λ0] = Λi+tΛ
′
i+t[ai,Λ0] = Λi, Id+tai is Poisson. We show that each Poisson isomorphism
{Id+ tai} glues together to give a Poisson isomorphism (X˜ , Λ˜) ∼= (X ,Λ). Indeed, it is sufficient to
show that the following diagram commutes.
(OX(Uij)⊗k Spec(A˜), Λ˜i)
Id+tai−−−−→ (OX(Uij)⊗k A˜,Λi)
f˜ij
x xfij
(OX(Uij)⊗ Spec(A˜), Λ˜j)
Id+taj
−−−−→ (OX (Uij)⊗k A˜,Λj)
4The author could not find any example of rigid Poisson varieties.
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Indeed, the diagram commutes if and only if (Id + tai) ◦ f˜ij = fij ◦ (Id + taj) if and only if
f˜ij + tai = fij + taj if and only if pij = aj − ai. Hence there is at most one lifting of η.
Now we prove that if H1(X,Λ0, T
•
X) = 0, then (X,Λ0) is rigid. We will prove by induction on
the dimension on (A,m) ∈ Art. For A with dimkA = 2, then any first order Poisson deformation
is trivial. Let’s assume that any infinitesimal Poisson deformation of (X,Λ0) over A with dimkA ≤
n − 1 is trivial. Let ξ be an infinitesimal Poisson deformation of (X,Λ0) over A with dimkA = n
such that mp−1 6= 0 and mp = 0. Choose an element t 6= 0 ∈ mp−1. Then 0→ (t)→ A→ A/(t)→ 0
is a small extension and dimkA/(t) ≤ n− 1. Hence induced Poisson deformation ξ¯ over A/(t) from
ξ is trivial by induction hypothesis. Since ξ is a lifting of ξ¯, and trivial Poisson deformation over A
is also a lifting of ξ¯, ξ is trivial since we have at most one lifting of ξ¯. 
Proposition 3.0.22. Let (X,Λ0) be nonsingular projective Poisson variety with H
0(X,Λ0, T
•
X) =
0. Then for any infinitesimal Poisson deformation (X ,Λ) of (X,Λ0) over A for any A ∈ Art,
Aut((X ,Λ)/(X,Λ0)) = Id,
where Aut((X ,Λ)/(X,Λ0)) := the set of Poisson automorphisms of (X ,Λ) restricting to the identity
Poisson automorphism of (X,Λ0).
Proof. We prove by the induction on the dimension of A. Let dimk A = 1. Then A = k. So we
have nothing to prove. Let’s assume that the proposition holds for A with dimk A ≤ n − 1. Let
dimkA = n and (X ,Λ) be an infinitesimal Poisson deformation of (X,Λ0) over A. Assume that the
maximal ideal m of A satisfies mp−1 6= 0 and mp = 0. Choose t 6= 0 ∈ mp−1. Then A/(t) ∈ Art with
dimk A/(t) ≤ n−1 and 0→ (t)→ A→ A/(t)→ 0 is a small extension. Now let g : (X ,Λ)→ (X ,Λ)
be a Poisson automorphism restricting to the identity Poisson automorphism of (X,Λ0). Let {Ui}
be an affine cover of (X ,Λ). Let {θi} where θi : Ui×Spec(A)→ X|Ui , {Λi} where Λi is the Poisson
structure on Ui × Spec(A) induced from Λ|Ui via θi and let θij = θ
−1
j θi which corresponds to a
Poisson homomorphism fij : (OX(Uij) ⊗k A,Λj) → (OX(Uij) ⊗k A,Λi). Then f can be described
by the data {gi}, where gi : (OX(Ui)⊗A,Λi)→ (OX(Ui)⊗A,Λi) which is a Poisson automorphism
and gi · fij = fij · gj . Since by the induction hypothesis, gi induce the identity on OX(Ui)⊗A/(t).
gi is of the form gi = Id+ tdi, where di ∈ Derk(OX(Ui),OX(Ui)) with di = dj and [Λ0, di] = 0 by
Lemma 3.0.11. Hence {di} ∈ H
0(X,Λ0, T
•
X). Since H
0(X,Λ0, T
•
X) = 0, we have di = 0. Hence gi is
the identity. So g is the identity. This proves the proposition 3.0.22. 
Proposition 3.0.23. Let e : 0 → (t) → A˜
µ
−→ A → 0 be a small extension in Art. Let p :=
Def(X,Λ0)(µ) : Def(X,Λ0)(A˜) → Def(X,Λ0)(A˜). Then Given ξ = (L,∇L) ∈ Def(L,∇)(A), there is a
transitive action of H1(X,Λ0,O
•
X) on p
−1(ξ). Moreover, if H0(X,Λ0, T
•
X) = 0, the action is free.
Proof. We will define a group action G : H1(X,Λ0, T
•
X) × p
−1(ξ) → p−1(ξ). Let ξ˜ = (X˜ , Λ˜) be a
lifting of ξ = (X ,Λ) which is represented by f˜ij : (OX ⊗k A˜, Λ˜i)→ (OX(Uij)⊗k A˜, Λ˜j) for an affine
open cover {Ui}. Let v = ({−Λ
′
i}, {pij}) ∈ H
1(X,Λ0, T
•
X). Then we define G(v, ξ˜) := ξ˜
′ which is
represented by f˜ij + tpij and Λi + tΛ
′
i. Then we can show that G is well-defined and transitive. If
H
0(X,Λ0, T
•
X) = 0, the action is free by Proposition 3.0.22. For the detail, we refer to the third
part of the author’s Ph.D thesis [Kim14a]. 
Theorem 3.0.24. Let (X,Λ0) be a nonsingular projective Poisson variety with H
0(X,Λ0, T
•
X) = 0.
Then the functor Def(X,Λ0) is pro-representable.
Proof. We can check Schlessinger’s criterion (H0), (H1), (H2), and sinceX is projective, H
1(X,Λ0, T
•
X)
is finite-dimensional so that (H3) is satisfied. Since H
0(X,Λ0, T
•
X) = 0, (H4) follows from Proposi-
tion 3.0.23. 
Example 4. For any Poisson K3 surface (X,Λ0), H
0(X,Λ0, T
•
X) = 0 so that Def(X,Λ0) is pro-
representable.
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4. Poisson invertible sheaves
Definition 4.0.25 ([Pol97]). Let (X,Λ0) be an algebraic Poisson scheme over k. A Poisson con-
nection on a OX -module F is a k-linear bracket {−,−} : OX ⊗k F → F which is a derivation in
the first argument and satisfies the Leibnitz identity
{fg, s}F = f{g, s}+ g{f, s}F
{f, gs}F = {f, g}s + g{f, s}F
where f, g ∈ OX , s is a local section of F . Equivalently, a Poisson connection is given by a
homomorphism v : F → H omOX (Ω
1
X/k,F) = Der(OX ,F) which satisfies the identity
v(gs) = −iΛ0(dg) ⊗ s+ g · v(s) = −[Λ0, g] ⊗ s+ g · v(s)
where g ∈ OX . Namely, v(s) ∈ Der(OX ,F) is defined by the formula
v(s)f = {f, s}F
Definition 4.0.26 ([Pol97]). A Poisson connection is flat if the the bracket above gives a Lie action
of OX on F , where OX is considered as a Lie algebra via the Poisson bracket. In other words,
{f, {g, s}F}F = {{f, g}, s}F +{g, {f, s}F}F . For given a Poisson connection v : F → Der(OX ,F),
one can define a homomorphism v˜ : Der(OX ,F) → Der
2(OX ,F) = H omOX (∧
2Ω1X/k,F) by the
formula,
v˜(δ)(f, g) = {f, δ(g)}F − {g, δ(f)}F − δ({f, g}) = v(δ(g))f − v(δ(f))g − δ({f, g})
Let c(v) := v˜ ◦ v. Then c(v) is OX -linear and v is flat if and only if c(v) = v˜ ◦ v = 0.
Remark 4.0.27. Let (X,Λ0) be a nonsingular Poisson variety. Given a flat Poisson connection
∇ : F → TX ⊗F , we can extend v0 := ∇ inductively to define
vk : ∧
kTX ⊗F → ∧
k+1TX ⊗F
by the property
vk(α⊗ s) = −[α,Λ0]⊗ s+ (−1)
kα ∧ v0(s)
where α is a local k-vector and s is a local section of F . Then v1 = v˜0 so that v1 ◦ v0 = 0 and so
vk+1 ◦ vk = 0. Hence we have a complex of sheaves
F• : F
∇:=v0−−−−→ TX ⊗F
v1−→ ∧2TX ⊗F
v2−→ ∧3TX ⊗F
v3−→ · · ·(4.0.28)
We denote the i-th hypercohomology group of this complex of sheaves by Hi(X,Λ0,F
•,∇).
Definition 4.0.29. Let (X,Λ0) be an algebraic Poisson scheme. An OX -module F equipped
with a flat Poisson connection is called a Poisson OX -module. Given two Poisson OX -modules
(F , {−,−}F ) and (G, {−,−}G), a morphism α : F → G of Poisson OX-modules is a morphism of
OX -modules such that α({f, v}F ) = {f, α(v)}G .
Definition 4.0.30. Let (X,Λ0) be an algebraic Poisson scheme. A Poisson invertible sheaf L on
(X,Λ0) is an invertible Poisson OX-module. In other words, L is equipped with a flat Poisson
connection ∇. In this case, we denote the Poisson invertible sheaf by (L,∇).
Remark 4.0.31. Let (X,Λ0) be an algebraic Poisson scheme with the Poisson bracket {−,−}.
A flat Poisson connection on OX is same to giving an element T ∈ Γ(X,H omOX (Ω
1
X/k,OX))
with [Λ0, T ] = 0 which defines a Poisson derivation. Let {−,−}L : OX ⊗k OX → OX be a flat
Poisson connection defined by v : OX → H omOX (Ω
1
X/k,OX) = Der(OX ,OX). Let v(1) = T ∈
Γ(X,H om(Ω1X/k,OX)) . Then v(g) = v(g1) = −iΛ0(dg)⊗1+gT . Hence {f, g}L = {f, g}+gT (f).
Since v is flat, v˜(v(1))(f, g) = 0 so that {f, T (g)}+{T (f), g}−T ({f, g}) = 0. Hence T is a Poisson
14 CHUNGHOON KIM
derivation so that [Λ0, T ] = 0. In particular, when v(1) = 0, the Poisson OX -module structure on
OX is exactly the Poisson structure on OX .
Let (X,Λ0) be an algebraic Poisson scheme with the Poisson bracket {−,−}. Let {fij} be
transition functions defining a Poisson invertible sheaf (L,∇) for an open covering of U = {Ui}
of X. The flat Poisson connection ∇ on L, {−,−}L : OX ⊗k L → L is locally expressed as a
Poisson connection on Ui which is equivalent to giving an element Ti ∈ Γ(Ui,H omOX (Ω
1
X/k,OX))
with [Λ0, Ti] = 0. Given a non-vanishing section s ∈ Γ(Uij , L) which is locally expressed as si on
Ui with si = fijsj and for any a ∈ OX , {a, s}L is locally expressed as {a, si} + siTia on Ui with
fij({a, sj}+ sjTja) = {a, si}+ siTia. Then
fij({a, sj}+ sjTja) = {a, si}+ siTia = {a, fijsj}+ fijsjTia = {a, fij}sj + fij{a, sj}+ fijsjTia
⇐⇒ fijTja = −{fij, a}+ fijTia = −[Λ0, fij ]a+ fijTia
⇐⇒ Tj − Ti +
1
fij
[Λ0, fij] = Tj − Ti + [Λ0, log fij] = 0
This show that a Poisson invertible sheaf (L,∇) gives a 1-cocycle
({Ti}, {fij}) ∈ C
0(U ,H omOX (Ω
1
X/k,OX))⊕ C
1(U ,O∗X)
in the following Cˇech resolution
C0(U ,H omOX (∧
2Ω1X/k,OX ))
[Λ0,−]
x
C0(U ,H omOX (Ω
1
X/k,OX ))
δ
−−−−→ C1(U ,H omOX (Ω
1
X/k,OX))
[Λ0,log−]
x [Λ0,log−]x
C0(U ,O∗X)
−δ
−−−−→ C1(U ,O∗X )
δ
−−−−→ C2(U ,O∗X )
of the complex of sheaves O∗•X : O
∗
X
[Λ0,log−]
−−−−−−→ H omOX (Ω
1
X/k,OX)
[Λ0,−]
−−−−→ H omOX (∧
2Ω1X/k,OX)→
· · · . In the sequel we will denote its i-th hypercohomology group by Hi(X,Λ0,O
∗•
X ).
Conversely, a 1-cocycle ({Ti}, {fij}) define a Poisson invertible sheaf (L,∇). For given two
({Ti}, {fij}) and ({T
′
i}, {f
′
ij}) defining the same cohomology class so that
bi
bj
=
fij
f ′ij
and [Λ0, log bi] =
Ti−T
′
i for some {bi} ∈ C
0(U ,O∗X ), let (L,∇) be the Poisson invertible sheaf defined by ({Ti}, {fij})
and (L′,∇′) the Poisson invertible sheaf defined by ({T ′i}, {f
′
ij}). Then we can define an iso-
morphism (L′,∇′) → (L,∇) as Poisson OX-modules in the following way. On each Ui, we define
OX(Ui)
·bi−→ OX(Ui) which define an isomorphism L
′ → L as OX -modules by the condition
bi
bj
=
fij
f ′ij
.
On the other hand, we note that biT
′
i = −[Λ0, bi] + biTi. Then bi{a, si}L′ = bi({ai, si}+ siT
′
iai) =
bi{a, si}+ si(−[Λ0, bi] + biTi)(a) = bi{a, si}+ si{a, bi}+ sibiTia = {a, bisi}+ bisiTia = {a, bisi}L so
that ·bi is a Poisson OX -module homomorphism.
This show that we can identify H1(X,Λ0,O
∗•
X ) with isomorphism classes of Poisson invertible
sheaves on (X,Λ0). Moreover H
1(X,Λ0,O
∗•
X ) forms a group. We simply note that given two Poisson
invertible sheaves (L,∇L) and (L
′,∇L′) which are represented by ({Ti}, {fij}) and ({T
′
i}, {f
′
ij})
respectively, we can define Poisson invertible sheaves (L ⊗ L′,∇L⊗L′) by ({Ti + T
′
i}, {fijf
′
ij}) and
(L−1,∇L−1) by ({−Ti}, {f
−1
ij }). The Poisson structure on OX define the 0 element.
Definition 4.0.32. We call H1(X,Λ0,O
∗•
X ) the Poisson Picard group of an algebraic Poisson
scheme (X,Λ0) and denote it by Pick(X,Λ0).
Remark 4.0.33. Let (X,Λ0) be a Poisson scheme over S with Λ0 ∈ Γ(X,H omOX (∧
2Ω1X/S ,OX)).
Let (L,∇) be a Poisson invertible sheaf on (X,Λ). (L,∇) is called a Poisson invertible sheaf over
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S if the associated connection {−,−}L : OX ⊗k L → L is OS-linear. In other words, {−,−}L :
OX⊗OSL→ L. Then we can identify the first cohomology group of the following complex of sheaves
O∗X
[Λ0,log−]
−−−−−−→ H omOX (Ω
1
X/S ,OX)
[Λ0,−]
−−−−→ H omOX (∧
2Ω1X/S ,OX)→ · · ·
with isomorphism classes of Poisson invertible sheaves over S on (X,Λ0) and we will denote the
group by PicS(X,Λ0).
Definition 4.0.34. Let (X,Λ0) be a nonsingular Poisson variety over C and d : OX → Ω
1
X be the
canonical derivation. We can define a homomorphism of complex of sheaves
O∗•X :O
∗
X
[Λ0,log−]
−−−−−−→ TX
[Λ0,−]
−−−−→ ∧2TX −−−−→ · · ·
d log−
y idy y
Ω1X
iΛ0−−−−→ TX −−−−→ 0 −−−−→ · · ·
So we have an induced group homomorphism:
c : H1(X,Λ0,O
∗•
X )→ H
1(Ω1X
iΛ0−−→ TX)
Let (L,∇) be a Poisson invertible sheaf on (X,Λ0). Let [L,∇] be the associated element of
H
1(X,Λ0,O
∗
X). We call c(L,∇) := c([L,∇]) ∈ H
1(Ω1X
iΛ0−−→ TX) the Poisson Chern class of (L,∇).
Remark 4.0.35. Let X be a compact Ka¨hler manifold with a holomorphic Poisson structure Λ0.
Let (L,∇) be a Poisson invertible sheaf defined by the 1-cocycle {fij} and Poisson vector fields
{Ti} for an open covering U of X. In this remark, we describe c({fij}, {Tj}) = ({d log fij}, {Tj})
under the map c : H1(X,Λ0,O
∗•
X ) → H
1(X,Ω1X
iΛ0−−→ TX) in terms of the Deaulbault resolu-
tion. Given the Ka¨hler form of X, choose a Hermitian form 〈−,−〉 on the fibers of L so that
〈ξ, ξ〉 = aj |ξj|
2, where ξj is a fiber coordinate of ξ, and aj(z) is a real positive C
∞ function on Uj.
Since aj |ξj|
2 = ak|ξk|
2 and ξj = fjkξk, we have |fjk|
2 = akaj . Then −δ({−∂ log ai}) = {d log fij},
where {−∂ log ai} ∈ C
0(U ,A 0,0(Ω1X))
5. We note that iΛ0(−∂ log ai) = −[Λ0, log ai]. Hence, in the
following two resolutions of Ω1X
iΛ0−−→ TX → 0→ 0→ · · · ,
0x
C0(U , TX)
δ
−−−−→ C1(U , TX)
iΛ0
x iΛ0x
C0(U ,Ω1X)
−δ
−−−−→ C1(U ,Ω1X) −−−−→ · · · ,
0x
A0,0(X,TX )
−∂¯
−−−−→ A0,1(X,TX )
iΛ0
x iΛ0x
A0,0(X,Ω1X)
∂¯
−−−−→ A0,1(X,Ω1X) −−−−→ · · ·
({Ti}, {d log fij}) ∈ C
0(U , TX)⊕ C
1(U ,Ω1X) in the Cˇech resolution corresponds to
({−∂¯∂ log ai}, {−[Λ0, log ai]− Ti]}) ∈ A
0,1(X,Ω1X)⊕A
0,0(X,TX )
5. Deformations of a Poisson invertible sheaf (L,∇) under trivial Poisson
deformations
Definition 5.0.36. Let (X,Λ0) be a nonsingular Poisson variety. Let A be in Art. An infinitesimal
deformation of a Poisson invertible sheaf (L,∇) over A consists of the trivial Poisson deformation
(X×Spec(k)Spec(A),Λ0) and a Poisson invertible sheaf (L,∇L) over A on (X×Spec(k)Spec(A),Λ0)
such that (L,∇) = (L,∇L)|(X,Λ0) Two deformations (L,∇L) and (L
′,∇L′) of (L,∇) over A is called
5
A
0,0(Ω1X) is the sheaf of germs of C
∞-sections of Ω1X .
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isomorphic if there is an isomorphism (L,∇L) ∼= (L
′,∇L′) as Poisson OX×Spec(k)Spec(A)-modules.
Then we can define a functor of Artin rings
Def(L,∇L) : Art→ (sets)
A 7→ {infinitesimal deformations of (L,∇) over A}/isomorphism
Remark 5.0.37. Given a nonsingular Poisson variety (X,Λ0), isomorphism classes of Poisson
invertible sheaves over A on (X × Spec(A),Λ0) can be identified with the first hypercohomlogy
group of the following complex of sheaves
O∗X×Spec(A)
[Λ0,log−]
−−−−−−→ TX ⊗k A
[Λ0,−]
−−−−→ ∧2TX ⊗k A
[Λ0,−]
−−−−→ · · ·
Proposition 5.0.38. Let (X,Λ0) be a nonsingular Poisson variety. Then
(1) There is a 1− 1 correspondence
κ : Def(L,∇)(k[ǫ]) = {isomorphism classes of first-order deformations of (L,∇)} ∼= H
1(X,Λ0,O
•
X)
(2) Let A ∈ Art and η = (L,∇L) be an infinitesimal Poisson deformation of (L,∇) over A.
Then, to every small extension e : 0 → (t) → A˜ → A → 0, we can associate an element
oη(e) ∈ H
2(X,Λ0,O
•
X) called the obstruction lifting of η to A˜, which is 0 if and only if a
lifting of η exist.
Proof. Let U = {Ui} be an affine open covering such that (L,∇) is given by a system of transition
functions {fij} ∈ C
1(U ,O∗X) and {Ti} ∈ C
0(U , TX ) so that fijfjk = fik, [Λ0, Ti] = 0 and Tj −
Ti + [Λ0, log fij] = 0. Then a first order deformation (L,∇L) of (L,∇) over Spec(k[ǫ]) is given
by {Fij = fij + ǫgij} ∈ C
0(U ,O∗X×spec(k[ǫ])) and {Yi = Ti + ǫWi} ∈ C
1(U , TX ⊗ k[ǫ]). The cocycle
condition FijFjk = Fik gives (fij + ǫgij)(fjk + ǫgjk) = (fik + ǫgik) so that gijfjk + fijgjk = gik,
equivalently,
gij
fij
+
gjk
fjk
= gikfik . [Λ0, Ti + ǫWi] gives [Λ0,Wi] = 0. Yj − Yi + [Λ0, log Fij ] = 0 gives
Tj+ǫWj−Ti−ǫWi+
fij−ǫgij
f2ij
[Λ0, fij+ǫgij] = 0 so thatWj−Wi+[Λ0,
gij
fij
] = 0. Then ({
gij
fij
}, {Wi}) ∈
C0(U ,OX)⊕ C
0(U , TX) define an element of H
1(X,Λ0,O
•
X) in the following Cˇech resolution
C0(U ,∧3TX)
[Λ0,−]
x
C0(U ,∧2TX)
−δ
−−−−→ C1(U ,∧2TX)
[Λ0,−]
x [Λ0,−]x
C0(U , TX)
δ
−−−−→ C1(U , TX)
−δ
−−−−→ C2(U , TX)
[Λ0,−]
x [Λ0,−]x [Λ0,−]x
C0(U ,OX )
−δ
−−−−→ C1(U ,OX)
δ
−−−−→ C2(U ,OX )
−δ
−−−−→ C3(U ,OX)
Given two equivalent first-order deformations (L,∇L) and (L
′,∇L′) of (L,∇) which are represented
by ({Ti + ǫWi}, {fij + ǫgij}) and ({Ti + ǫW
′
i}, {fij + ǫg
′
ij}) respectively so that we have a {ai} ∈
C0(U ,OX) such that (1 + ǫai)(fij + ǫgij) = (fij + ǫg
′
ij)(1 + ǫaj). Then aifij + gij = fijaj + g
′
ij ,
equivalently, ai−aj =
g′ij
fij
−
gij
fij
. On the other hand, since multiplication by 1+ ǫai is a Poisson OX -
module homomorphism, we have Ti+ǫWi−Ti−ǫW
′
i+[Λ0, log(1+ǫai)] so thatWi−W
′
i+[Λ0, ai] = 0.
Hence ({
gij
fij
}, {Wi}) and ({
g′ij
fij
}, {W ′i}) are cohomologous so that we get (1).
Second we identify obstructions. Let us consider a small extension e : 0→ (t)→ A˜→ A→ 0 in
Art and let η = (L,∇L) be an infinitesimal deformation of (L,∇) over Spec(A). Let η = (L,∇L)
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be represented by {Fij}, where Fij ∈ Γ(Uij,O
∗
X×spec(A)) and {Yi}, where Yi ∈ Γ(Ui, TX) ⊗k A.
In order to see if a lifting η˜ of η to Spec(A˜) exists, we choose an arbitrary collection {F˜ij}, {Y˜i},
where F˜ij is a nowhere zero function on Uij×Spec(k)Spec(A˜) which restricts to Fij on Uij×Spec(A)
and Y˜i ∈ Γ(Ui, TX) ⊗ A˜ restricts to Yi ∈ Γ(Ui, TX) ⊗ A. Then F˜ijF˜jkF˜
−1
ik = 1 + tgijk for some
gijk ∈ Γ(Uijk,OX), [Λ0, Y˜i] = tSi for some Si ∈ Γ(Ui,∧
2TX), and Y˜j − Y˜i + [Λ0, log F˜ij ] = tQij for
some Qij ∈ Γ(Uij , TX). Now we claim that α := ({Si}, {Qij}, {gijk}) ∈ C
0(U ,∧2TX)⊕ C
1(U , TX)⊕
C2(U ,OX) is a Cˇech 2-cocycle in the above Cˇech resolution. Since 0 = [Λ0, [Λ0, Y˜i]] = t[Λ0, Si], we
have [Λ0, Si] = 0. tSi − tSj = [Λ0, Y˜i − Y˜j] = [Λ0, [Λ0, log F˜ij ]− tQij ] = −t[Λ0, Qij] so that we have
Si−Sj+[Λ0, Qij ] = 0. 0 = Y˜i− Y˜j+ Y˜j− Y˜k+ Y˜k− Y˜i = −t(Qij+Qjk+Qki)+ [Λ0, log F˜ijF˜jkF˜ki] =
−t(Qij + Qjk + Qki) + [Λ0, log(1 + tgijk)] = −t(Qij + Qjk + Qki) + (1 − tgijk)[Λ0, 1 + tgijk] =
t(−(Qij +Qjk +Qki) + [Λ0, gijk]). This proves the claim.
Let {F˜ ′ij}, {Y˜
′
i } be another such arbitrary collection inducing η˜
′ = (L,∇L). Then we claim
that the 2-cocycle β := ({S′i}, {Q
′
ij}, {g
′
ijk}) associated with {F
′
ij}, {Y˜
′
i } is cohomologous to the
2-cocycle α = ({Si}, {Qij}, {gijk}) associated with {F˜ij}, {Y˜i}. Note that F˜
′
ij = F˜ij + tF
′
ij for some
F ′ij ∈ Γ(Uij ,OX) and Y˜
′
i = Y˜i+ tY
′
i for some Yi ∈ Γ(Ui, TX). Then tS
′
i = [Λ0, Y˜
′
i ] = [Λ0, Y˜i+ tY
′
i ] =
tSi+ t[Λ0, Y
′
i ] so that S
′
i−Si = [Λ0, Y
′
i ]. 1+ tg
′
ijk = F˜
′
ijF˜
′
jkF˜
′−1
ik = (F˜ij+ tF
′
ij)(F˜jk+ tF
′
jk)
F˜ik−tF
′
ik
F˜ 2
ik
=
1 + tgijk + tF
′
ijfjkfki + fijF
′
jkfki − fijfjkF
′
ikf
2
ki so that we have g
′
ijk − gijk =
F ′ij
fij
+
F ′
jk
fjk
−
F ′
ik
fik
.
tQ′ij = Y˜
′
j − Y˜
′
i +
1
F˜ ′ij
[Λ0, F˜
′
ij ] = Y˜j + tY
′
j − Y˜i − tY
′
i +
F˜ij−tF
′
ij
F˜ 2ij
[Λ0, F˜ij + tF
′
ij] = tQij + t(Y
′
j −
Y ′i ) +
1
fij
[Λ0, F
′
ij ] −
F ′ij
f2ij
[Λ0, fij] so that we have Q
′
ij − Qij = Y
′
j − Y
′
i + [Λ0,
F ′ij
fij
]. ({Y ′i }, {
F ′ij
fij
}) ∈
C0(U , TX)⊕ C
1(U ,OX) is mapped to β − α. This proves that α is cohomologous to β. So given a
small extension e : 0 → (t) → A˜ → A → 0 and an infinitesimal deformation η of (L,∇) over A,
we can associate an element oη(e) := the cohomology class of α ∈ H
2(X,Λ0,O
•
X). We note that
oη(e) = 0 if and only if there exists a collection of {F˜ij} and {Y˜i} satisfying the cocycle condition
defining a Poisson invertible sheaf over A˜ on (X × Spec(A˜),Λ0) which induces η. 
Remark 5.0.39. In Appendix B, more generally, we study deformations of Poisson vector bundles
(see Definition B.0.67 and Proposition B.0.68).
Remark 5.0.40. We can rephrase Poisson deformations of (X,Λ0, L,∇) under trivial Poisson
deformations in the holomorphic setting in the following way. Let (X,Λ0) be a compact holomorphic
Poisson manifold. By a family of deformations of Poisson invertible sheaves in the trivial Poisson
deformation of (X,Λ0) over M , we mean a pair of the trivial Poisson analytic family (X = X ×
M,Λ0,M) with the projection p : X →M (see [Kim14a]) and a Poisson invertible sheaf (L,∇L) of
X over M . Let {Ui} be a finite open covering of X, where zi = (z1, ..., zn) is a coordinate of Ui,
such that X is covered by a finite number of coordinate systems Ui×M , and (L,∇) is represented by
transition functions {Ψij(zj , t)} ∈ C
1(U ,O∗X×M ) with Ψij(zj , t) · Ψjk(zk, t) = Ψij(zi, t) and {Ti} ∈
C0(U , TX/M ) where Ti =
∑n
l=1 T
l
i (zi, t)
∂
∂zli
with [Λ0, Ti] = 0. Since Tj − Ti + [Λ0, log Ψij] = 0, by
taking the derivative with respect to t, we get a cohomology class ({T ′i =
∑n
l=1
∂T li
∂t
∂
∂zli
}, { 1Ψij
∂Ψij
∂t }) ∈
C0(U , TX)⊕ C
1(U ,OX) so that we get a characteristic map ρ : Tt(M)→ H
1(X,Λ0,O
•
X).
Remark 5.0.41. Let (L,∇) be Poisson invertible sheaf of on a nonsingular Poisson variety (X,Λ0).
Then the group Aut((L,∇)) of automorphisms on (L,∇) as Poisson OX-modules can be identified
with H0(X,Λ0,O
∗•
X ) = H
0(X,Λ0,O
•
X)
∗.
Proposition 5.0.42. Let e : 0 → (t) → A˜
µ
−→ A → 0 be a small extension in Art. Let p :=
Def(L,∇)(µ) : Def(L,∇)(A˜) → Def(L,∇)(A˜). Then given η = (L,∇L) ∈ Def(L,∇)(A), there is a
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transitive action of H1(X,Λ0,O
•
X) on p
−1(η). Moreover, if H0(X × Spec(A˜),Λ0,O
∗•
X ) → H
0(X ×
Spec(A),Λ0,O
∗•
X ) is surjective, the action is free.
Proof. We will define a mapG : H1(X,Λ0,O
•
X )×p
−1(η)→ p−1(η). Let η˜ = (L˜,∇L˜) ∈ p
−1(η), which
is represented by F˜ij ∈ Γ(Uij ,O
∗
X×Spec(A˜)
) and Y˜i ∈ Γ(Ui, TX) ⊗ Spec(A˜) such that F˜ijF˜jk = F˜ik,
[Λ0, Y˜i] = 0 and Yj − Yi + [Λ0, log F˜ij ] = 0. Let v = ({Wi}, {
gij
fij
}) ∈ H1(X,Λ0,O
•
X). From η˜ and
v = ({Wi}, {
gij
fij
}), we define an another lifting η˜′, which is represented by F˜ ′ij := F˜ij + tgij and
Y˜ ′i := Y˜i + tWi. Set η˜
′ := G(v, η˜). Then we can show that G is well-defined and transitive.
Now assume that H0(X × Spec(A˜),Λ0,O
∗•
X ) → H
0(X × Spec(A),Λ0,O
∗•
X ) is surjective. We
show that the group action is free. Assume that for given v = ({Wi}, {
gij
fij
}) ∈ H1(X,Λ0,O
•
X), we
have G(v, η˜) = η˜. Let η˜ be represented by (L˜,∇L˜) and G(v, η˜) be represented by (L˜
′,∇L˜′). This
means that we have an isomorphism by multiplication ·a˜i : OX(Ui) ⊗ A˜ → OX(Ui)⊗ A˜ such that
a˜j · (F˜ij + tgij) = F˜ij · a˜i and a˜i induces an automorphism ·a := ·ai : OX(Ui)⊗A→ OX(Ui)⊗A on
(L,∇L) so that a ∈ H
0(X×Spec(A),Λ0,O
∗•
X ). By assumption, there is a lifting of an automorphism
·b˜ on (L˜′,∇L˜′) which induces ·a
−1. By replacing ·a˜ by b˜ · a˜i, we may assume that a Poisson OX -
module homomorphism ·a˜i induces an identity on L. Hence ai = 1 + tbi for some bi ∈ OX(Ui).
Then Y˜i + tWi − Y˜i + [Λ0, log 1 + tbi] = 0 so that Wi = [Λ0, bi]. (1 + tbj)(F˜ij + tgij) = F˜ij(1 + tbi)
so that bjfij + gij = fijbi. Hence bi − bj =
gij
fij
so that v = 0.

Theorem 5.0.43. Let (X,Λ0) be a nonsingular projective Poisson variety and (L,∇) be a Poisson
invertible sheaf on (X,Λ0). Then Def(L,∇) is pro-representable.
Proof. We can check Schlessinger’s criterion (H0), (H1), (H2), and sinceX is projective, H
1(X,Λ0,O
•
X)
is finite-dimensional so that (H3) is satisfied. Let e : 0 → (t) → A˜ → A → 0 be a small extension
in Art. Since H0(X,OX ) = k, we have H
0(X × Spec(A˜)) = A˜ and H0(X × Spec(A)) = A. Hence
H
0(X×Spec(A˜),Λ0,O
∗•
X ) = A˜
∗ → H0(X×Spec(A),Λ0 ,O
∗•
X ) = A
∗ is surjective so that (H4) follows
from Proposition 5.0.42. 
6. Deformations of sections of a Poisson invertible sheaf (L,∇) in trivial Poisson
deformations
The formalism of deformations sections of an invertible sheaf presented in [Ser06] (see p.141) can
be extended to Poisson deformations. Let (X,Λ0) be a nonsingular projective Poisson variety, and
let (L,∇) be a Poisson invertible sheaf on (X,Λ0). We can define a homomorphism of complex of
sheaves in the following way (see Remark 4.0.27)
OX
−[−,Λ0]
−−−−−→ TX
−[−,Λ0]
−−−−−→ ∧2TX
m0
y m1y m2y
H
0(X,Λ0, L
•,∇)∨ ⊗ L
∇:=v0−−−−→ H0(X,Λ0, L
•,∇)∨ ⊗ L⊗ TX
v1−−−−→ H0(X,Λ0, L
•,∇)∨ ⊗ L⊗ ∧2TX
where for every open set U ⊂ X
mi(U) : Γ(U, ∧
i TX)→ H
0(X,Λ0, L
•,∇)∨ ⊗ Γ(U,L⊗ ∧iTX) = Hom(H
0(X,Λ0, L
•,∇),Γ(U,L ⊗ ∧iTX))
a 7→ [s 7→ a⊗ s|U ]
for s ∈ H0(X,Λ0, L
•,∇). This inducesmi : H
i(X,Λ0,O
•
X)→ Hom(H
0(X,Λ0, L
•,∇),Hi(X,Λ0, L
•,∇)).
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Definition 6.0.44. Given an infinitesimal deformation (L,∇L) of (L,∇) over A ∈ Art, we have
an induced restriction map
ρ : H0(X × Spec(A),Λ0,L
•,∇L)→ H
0(X,Λ0, L
•,∇)
We say that a section σ ∈ H0(X,Λ0, L
•,∇) extends to (L,∇L) if σ ∈ Im(ρ)
Proposition 6.0.45. Let (La,∇a) be a first-order deformation of (L,∇), corresponding to an
element a ∈ H1(X,Λ0,O
•
X). A section s ∈ H
0(X,Λ0, L
•,∇) extends to a section s˜ ∈ H0(X ×
Spec(k[ǫ]),Λ0,L
•
a,∇a) of (La,∇a) if and only if s ∈ ker[m1(a)] where
m1 : H
1(X,Λ0,O
•
X)→ Hom(H
0(X,Λ0, L
•,∇),H1(X,Λ0, L
•,∇))
defined as above.
Proof. We keep the notation in the proof of Proposition 5.0.38. Let U = {Ui} be an affine open
covering of X such that (L,∇) is represented by a system of transition functions {fij}, fij ∈
Γ(Uij ,O
∗
X) and Poisson vector fields {Ti}, Ti ∈ Γ(Ui, TX). Let a ∈ H
1(X,Λ0,O
•
X) be represented
by {
gij
fij
,Wi} ∈ C
1(U ,OX ) ⊕ C
0(U , TX). Then the first order deformation (La,∇a) of (L,∇) is
represented by {fij + ǫgij} and {Ti + ǫWi}. Then m1(a)(s) is represented by ({
gij
fij
sj}, {siWi}) ∈
C1(U , L)⊕ C0(U , TX ⊗ L).
Let’s assume that s ∈ H0(X,Λ0, L
•,∇) is represented by the cocycle {si}, si ∈ Γ(Ui,OX), such
that si = fijsj and −[Λ0, si] + siTi = 0. In order for s to extend to a section s˜ ∈ H
0(X ×
Spec(k[ǫ]),Λ0,L
•
a,∇a), it is necessary and sufficient that there exist {ti}, ti ∈ Γ(Ui,OX) such that
si + ǫti = (fij + ǫgij)(sj + ǫtj) on Uij and −[Λ0, si + ǫti] + (si + ǫti)(Ti + ǫWi) = 0 which are
equivalent to gijsj = ti − fijtj and −[Λ0, ti] + siWi + tiTi = 0 so that
gij
fij
sj = fjiti − tj and
−[Λ0,−ti] − tiTi = siWi. Hence the 1-cocyle ({
gij
fij
sj}, {siWi}) ∈ C
1(U , L) ⊕ C0(U, T ⊗ L) is a
coboundary in the following Cˇech reolsution
C0(U ,∧2TX ⊗ L)
v1
x
C0(U , TX ⊗ L)
−δ
−−−−→ C1(U , TX ⊗ L)
v0:=∇
x v0:=∇x
C0(U , L)
δ
−−−−→ C1(U , L)
−δ
−−−−→ C2(U , L)
Hence m1(a)(s) = 0. 
7. Simultaneous deformations of a nonsingular Poisson variety (X,Λ0) and a
Poisson invertible sheaf (L,∇)
Proposition 7.0.46. Let (X,Λ0) be a nonsingular projective Poisson variety over C and (L,∇)
be a Poisson invertible sheaf on (X,Λ0). Then the Poisson Chern class c(L,∇) gives an element
in Ext1(T •X ,O
•
X ) for which we call ‘Poisson Atiyah extension’ associated with the Poisson Chern
class c(L,∇), which extends ‘Atiyah extension’ associated with the Chern class c(L). The Poisson
Aityah extension associated with c(L,∇) is described by 0→ O•X → E
•
L → T
•
X → 0, where
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0 −−−−→ · · · −−−−→ · · · −−−−→ · · · −−−−→ 0x x x
0 −−−−→ ∧2TX −−−−→ E
2
L −−−−→ ∧
3TX −−−−→ 0
[Λ0,−]
x dx x[Λ0,−]
0 −−−−→ TX −−−−→ E
1
L −−−−→ ∧
2TX −−−−→ 0
[Λ0,−]
x dx x[Λ0,−]
0 −−−−→ OX −−−−→ E
0
L −−−−→ TX −−−−→ 0
The sheaf E iL is locally free of rank
(n
i
)
+
( n
i+1
)
=
(n+1
i
)
, where dim(X) = n. We note that the
complex 0 → OX → E
0
L → TX → 0 is the Atiyah extension associated with the Chern class c(L).
We denote the i-th hypercohomology group of the complex of sheaves E•L : E
0
L
d
−→ E2L
d
−→ E3L
d
−→ · · · by
H
i(X,Λ0, E
•
L).
Proof. Let U = {Ui} be an affine open covering of X such that (L,∇) is represented by a system
of transition functions {hij}, where hij ∈ Γ(Uij ,O
∗
X) and Poisson vector fields {T
0
i }, where T
0
i ∈
Γ(Ui, TX) so that hijhjk = hik, [Λ0, T
0
i ] = 0 and T
0
j − T
0
i + [Λ0, log hij ] = 0. Then c(L,∇) is
represented by the Cˇech 1-cocycle
({d log hij =
dhij
hij
}, {T 0i }) ∈ C
1(U ,Ω1X)⊕ C
0(U , TX)
We define the sheaf EpL in the following way. The sheaf E
p
L|Ui is locally isomorphic to ∧
pTX |Ui ⊕
∧p+1TX |Ui . A section (ai, bi) of ∧
pTX |Ui⊕∧
p+1TX |Ui and a section (aj , bj) of ∧
pTX |Uj ⊕∧
p+1TX |Uj
are identified on Uij if and only if bi = bj and aj − ai = [bi, log hij]. Then we can check E
p
L is
well-defined.
We define the differential d : EpL → E
p+1
L . The differntial d is locally defined in the follow-
ing way. d : ∧pTX |Ui ⊕ ∧
p+1TX |Ui → ∧
p+1TX |Ui ⊕ ∧
p+2TX |Ui is defined by (ai, bi) 7→ ([Λ0, ai] +
(−1)p+1[T 0i , bi], [Λ0, bi]). We check this define a differential (d
2 = 0). Indeed, we have [Λ0, [Λ0, ai]]+
(−1)p+1[Λ0, [T
0
i , bi]] + (−1)
p+2[T 0i , [Λ0, bi]] = 0 since [Λ0, T
0
i ] = 0. We show that d is welld-
defined. In other words, ([Λ0, ai] + (−1)
p+1[T 0i , bi], [Λ0, bi]) on Ui is identified with ([Λ0, aj ] +
(−1)p+1[T 0j , bj ], [Λ0, bj ]) on Uj. Note that bi = bj and aj − ai = [bi, log hij ]. Then [Λ0, aj − ai] +
(−1)p+1[T 0j −T
0
i , bi] = [Λ0, [bi, log hij ]]−(−1)
p+1[[Λ0, log hij ], bi] = [[Λ0, bi], log hij ]+(−1)
p[bi, [Λ0, log hij ]]−
(−1)p+1[[Λ0, log hij ], bi] = [[Λ0, bi], log hij ].
Let (L,∇) and (L′,∇′) be two Poisson invertible sheaves represented by ({fij}, {Ti}) and ({f
′
ij}, {T
′
i })
respectively. Assume that c(L,∇) = c(L′,∇′) so that there exists {hi} ∈ C
0(U ,Ω1X) such that
hi−hj = d log fij−d log f
′
ij and iΛ0hi = Ti−T
′
i . We show that the complex (E
•
L, d) associated with
({d log fij}, {Ti}) is isomorphic to the complex (E
•
L′ , d
′) associated with ({d log f ′ij}, {T
′
i }). Since X
is a compact Ka¨hler and L⊗L
′−1 has the trivial Chern class, we may assume that fij ·f
′−1
ij = aij is a
constant so that hi−hj = 0. Hence {hi} define a global 1-form H ∈ H
0(X,Ω1X) with dH = 0. So we
may assume that there exists {ci} ∈ C
0(U ,OX ) such that dci = hi. Hence iΛ0hi = [Λ0, ci] = Ti−T
′
i .
Now we show that φ : (E•L, d)
∼= (E•L′ , d
′). φ = {φp} is locally defined in the following way:
φp : E
p
L|Ui = ∧
pTX |Ui ⊕ ∧
p+1TX |Ui → E
p
L′ |Ui = ∧
pTX |Ui ⊕ ∧
p+1TX |Ui , (a, b) 7→ (a + [b, ci], b). We
claim that this is well-defined. First we show that φ = {φp} is independent of Ui. We have to show
that the following diagram commutes.
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EpL|Uj = ∧
pTX |Uj ⊕ ∧
p+1TX |Uj
φ
−−−−→ EpL′ |Uj = ∧
pTX |Uj ⊕ ∧
p+1TX |Uj
∼=
x x∼=
EpL|Ui = ∧
pTX |Ui ⊕ ∧
p+1TX |Ui
φ
−−−−→ EpL′ |Ui = ∧
pTX |Ui ⊕ ∧
p+1TX |Ui
Indeed, (a, b) ∈ EpL|Ui 7→ (a + [b, log fij], b) ∈ E
p
L|Uj 7→ (a + [b, log fij] + [b, cj ], b) ∈ E
p
L′ |Uj and
(a, b) ∈ EpL|Ui 7→ (a + [b, ci], b) ∈ E
p
L′ |Ui 7→ (a + [b, ci] + [b, log f
′
ij], b) ∈ E
p
L′ |Uj which are same since
[b, ci − cj ] = [b, log fij − log f
′
ij] = 0.
Next we show that φ ◦ d = d′ ◦ φ.
EpL|Ui = ∧
pTX |Ui ⊕ ∧
p+1TX |Ui
φ
−−−−→ EpL′ |Ui = ∧
pTX |Ui ⊕ ∧
p+1TX |Ui
d
x xd′
Ep−1L |Ui = ∧
p−1TX |Ui ⊕ ∧
pTX |Ui
φ
−−−−→ Ep−1L′ |Ui = ∧
p−1TX |Ui ⊕ ∧
pTX |Ui
(a, b) ∈ Ep−1L |Ui 7→ ([Λ0, a]+(−1)
p[Ti, b], [Λ0, b]) ∈ E
p
L|Ui 7→ ([Λ0, a]+(−1)
p[Ti, b]+[[Λ0, b], ci], [Λ0, b]) ∈
EpL′ |Ui and (a, b) ∈ E
p−1
L |Ui 7→ (a+[b, ci], b) ∈ E
p−1
L′ |Ui 7→ ([Λ0, a]+ [Λ0, [b, ci]]+ (−1)
p[T ′i , b], [Λ0, b]) ∈
EpL′ |Ui which are same since (−1)
p[Ti−T
′
i , b]+[[Λ0, b], ci]−[Λ0, [b, ci]] = (−1)
p[[Λ0, ci], b]+[[Λ0, b], ci]−
[Λ0, [b, ci]] and [Λ0, [b, ci]] = [[Λ0, b], ci] + (−1)
p+1[b, [Λ0, ci]] = [[Λ0, b], ci] + (−1)
p[[Λ0, ci], b]. Hence
we get the claim.
When c(L,∇) = 0, E•L is isomorphic to OX ⊕ TX
[Λ0,−]
−−−−→ TX ⊕∧
2TX
[Λ0,−]
−−−−→ ∧2TX ⊕∧
3TX → · · ·
so that Hi(X,Λ0, E
•
L) = H
i(X,Λ0,O
•
X)⊕H
i(X,Λ0, T
•
X).

Definition 7.0.47. Let A be in Art. Let (X,Λ0, L,∇) be a pair of a nonsingular Poisson va-
riety (X,Λ0) and a Poisson invertible sheaf (L,∇) on (X,Λ0). An infinitesimal deformation of
(X,Λ0, L,∇) over A consists of a pair (X ,Λ,L,∇L)
ξ :
(X,Λ0) −−−−→ (X ,Λ)y y
Spec(k) −−−−→ Spec(A)
is an infinitesimal Poisson deformation of (X,Λ) over A and (L,∇L) is a Poisson invertible sheaf
on (X ,Λ) over A such that (L,∇) = (L|X ,∇L|X). We say that (L,∇L) is a (Poisson) deformation
of (L,∇) along ξ. Two deformations (X ,Λ,L,∇L) and (X
′,Λ′,L′,∇L′) of (X,Λ0, L,∇) over A is
called isomorphic if there is a Poisson isomorphism of deformation f : (X ,Λ) → (X ′,Λ′) over A
and an isomorphism (L,∇L)→ (f∗L′, f∗∇L′). Then we can define a functor of Artin rings
Def(X,Λ0,L,∇) : Art→ (sets)
A 7→ Def(X,Λ0,L,∇)(A) = {deformations of (X,Λ0, L,∇) over A}/isomorphism
Proposition 7.0.48 (compare [Ser06] Theorem 3.3.11 page 146). Let (X,Λ0, L,∇) be a pair of a
nonsingular projective Poisson variety (X,Λ0) over k = C and a Poisson invertible sheaf (L,∇) on
(X,Λ0). Then
(1) There is a canonical isomorphism
Def(X,Λ0,L,∇)(k[ǫ]) =
first-order deformations of (X,Λ0, L,∇)
isomorphism
∼= H1(X,Λ0, E
•
L)
where E•L is a complex from ‘Poisson Atiyah extension’ associated with the Poisson Chern
class c(L,∇).
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(2) Let A ∈ Art and η = (X ,Λ,L,∇L) be an infinitesimal deformation of (X,Λ0, L,∇) over
A. Then, to every small extension e : 0→ (t)→ A˜→ A→ 0, we can associate an element
oη(e) ∈ H
2(X,Λ0, E
•
L) called the obstruction lifting of η to A˜, which is 0 if and only if a
lifting of η exist.
(3) The Poisson Chern class c(L,∇) defines a map H1(X,Λ0, T
•
X)
c(L,∇)
−−−−→ H2(X,Λ0,O
•
X) such
that given a first-order deformation ξ of (X,Λ0), there is a first-order deformation of (L,∇)
along ξ if and only if
c(L,∇)(κ(ξ)) = 0.
Recall that κ(ξ) is the element of H1(X,Λ0, T
•
X) associated with the first-order deformation
ξ (see Proposition 3.0.16 ).
Proof. Let η = (ξ,L,∇L) be a first-order deformation of (X,Λ0,∇, L) over k[ǫ], where
ξ :
(X,Λ0) −−−−→ (X ,Λ)y y
Spec(k) −−−−→ Spec(k[ǫ])
Let U = {Ui} be an affine open covering such that (L,∇) is given by a system of transition
functions {hij} ∈ C
1(U ,O∗X ) and {T
0
i } ∈ C
0(U , TX), and κ(ξ) ∈ H
1(X,Λ0, TX) is given by a Cˇech
1-cocycle ({pij)}, {−Λi}) ∈ C
1(U , TX)⊕C
0(U ,∧2TX) as in the proof of Proposition 3.0.16. We keep
the notations in the proof of Proposition 3.0.16 so that Id + ǫpij : (OX (Uj) ⊗ k[ǫ],Λ0 + ǫΛj) →
(OX(Ui),Λ0 + ǫΛi) be a Poisson isomorphism defining (X ,Λ).
Let the Poisson invertible sheaf (L,∇L) be represented by a system of transition functions {Fij},
where Fij ∈ Γ(Uij,O
∗
X×Spec(k[ǫ])), and {Yi}, where Yi ∈ Γ(Ui, TX)⊗ k[ǫ] which reduces to {hij} and
{T 0i } mod ǫ. Therefore it can be represented on Uij × Spec(k[ǫ]) as
Fij = hij + ǫgij , gij ∈ Γ(Uij ,OX)
(here we see Fij be a function defined on Uij × Spec(k[ǫ]) ⊂ Ui × Spec(k[ǫ])) and on Ui as
Yi = T
0
i + ǫWi, Wi ∈ Γ(Ui, TX)
We note that since Fji = hji + ǫgji which is considered to be a function on Uij × Spec(k[ǫ]) ⊂
Uj × Spec(k[ǫ]), (Id + ǫpij)(Fji) = F
−1
ij =
hij−ǫgij
h2ij
so that hji + ǫgji + ǫpij(hji) = hji − ǫ
gij
h2ij
. So
gji −
1
h2ij
pij(hij) = −
gij
h2ij
. Hence gij = −h
2
ijgji + [pij , hij ]. Now we consider (
gij
hij
, pij) to be on
Uij ⊂ Uj (i.e. in OX |Uj ⊕ TX |Uj). Then we have {(
gij
hij
, pij)} ∈ C
1(U , E0L). Indeed, (
gij
hij
, pij) on Uj
is identified with (
gij
hij
− [pij , log hij], pij) = (
−h2ijgji+[pij ,hij ]
hij
− 1hij [pij , hij ],−pji) = (−
gji
hji
,−pji) on
Ui. We also consider {(Wi,−Λi)} ∈ C
0(U , E1L). Then we claim that ({(Wi,−Λi)}, {(
gij
hij
, pij)}) ∈
C0(U , E1L)⊕ C
1(U , E0L) define a Cˇech 1-cocycle in the following Cˇech resolution
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C0(U , E3L)
d
x
C0(U , E2L)
−δ
−−−−→ C1(U , E2L)
d
x dx
C0(U , E1L)
δ
−−−−→ C1(U , E1L)
−δ
−−−−→ C2(U , E1L)
d
x dx dx
C0(U , E0L)
−δ
−−−−→ C1(U , E0L)
δ
−−−−→ C2(U , E0L)
−δ
−−−−→ C3(U , E0L)
We have Fij(1 + ǫpij)(Fjk) = Fij on Ui, which induces (for the detail, [Ser06] p.148)
gij
hij
+
gjk
hjk
−
gik
hik
+
pijhjk
hjk
=
gij
hij
+
gjk
hjk
−
gik
hik
+ [pij , log hjk] = 0(7.0.49)
We note that (
gij
hij
, pij) on Uj is identified with (
gij
hij
+
pijhjk
hjk
, pij) on Uk. (7.0.49) means that
δ({(
gij
hij
, pij)}) = 0. On the other hand, we have [Λ0 + ǫΛi, T
0
i + ǫWi] = 0. Then we have [Λi, T
0
i ] +
[Λ0,Wi] = 0. In other words, [Λ0,Wi] + (−1)
2[T 0i ,−Λi] = 0. Lastly we have, on Ui,
T 0j + ǫWj + ǫ[pij , T
0
j + ǫWj ]− T
0
i − ǫWi +
hij − ǫgij
h2ij
[Λ0 + ǫΛi, hij + ǫgij ] = 0
By considering the coefficient of ǫ, we have
Wj −Wi + [pij , T
0
j ] +
1
hij
[Λ0, gij ] +
1
hij
[Λi, hij ]−
gij
h2ij
[Λ0, hij ] = 0
We note that (Wi,−Λi) on Ui is identified with (Wi −
1
hij
[Λi, hij ],−Λi) on Uj. Then we see
that on Uj, (Wj − Wi +
1
hij
[Λi, hij ],−Λj + Λi) + ([Λ0,
gij
hij
] + (−1)1[T 0j , pij ], [Λ0, pij]) = 0 since
[Λ0,
gij
hij
] = 1hij [Λ0, gij ] −
gij
f2ij
[Λ0, fij]. So we have δ({(Wi,−Λi)} + d(({
gij
hij
, pij)}) = 0. Hence
({(Wi,−Λi)}, {(
gij
fij
, pij)}) defines an element in H
1(X,Λ0, E
•
L).
Assume that we have two equivalent first-order deformations (X ,Λ,L,∇L) and (X
′,Λ′,L′∇L′) of
(X,Λ0, L,∇) , which are represented by ({(Wi,−Λi)}, {(
gij
hij
, pij)}) and ({(W
′
i ,−Λ
′
i)}, {(
g′ij
hij
, p′ij)})
respectively. Recall that there is an induced Poisson isomorphism αi : (Ui×Spec(k[ǫ]),Λ0+ ǫΛi)→
(Ui × Spec(k[ǫ]),Λ0 + ǫΛ
′
i) which corresponds to ai ∈ Γ(Ui, TX) so that ai − aj = pij − p
′
ij and
Λ′i−Λi = [Λ0, ai] in the proof of Proposition 3.0.16. Let us consider Id+ ǫai : (OX(Ui)⊗ k[ǫ],Λ0+
ǫΛ′i)→ (OX(Ui)⊗k[ǫ],Λ0+ǫΛi). Then T
0
i +ǫWi = (Id+ǫai)(T
0
i +ǫW
′
i ) = T
0
i +ǫ[ai, T
0
i ]+ǫW
′
i so that
W ′i−Wi = [T
0
i , ai] so that [Λ0, 0]+(−1)
1[T 0i , ai] =Wi−W
′
i . On the other hand, (Id+ǫai)F
′
ij = Fij ,
equivalently, (Id+ ǫai)(hij + ǫg
′
ij) = hij + ǫgij so that
gij
hij
−
g′ij
hij
= [ai, log hij ]. Since (0, ai) on Ui is
identified with ([ai, log hij ], ai) on Uj, −δ({(0, ai)}) = {(
gij
hij
−
g′ij
hij
, pij − p
′
ij)}. Hence ({(Wi,−Λi)},
{(
gij
hij
, pij)}) and ({(W
′
i ,−Λ
′
i)}, {(
g′ij
hij
, p′ij)}) are cohomologous. This proves (1) in Proposition 7.0.48.
Now consider the proof of (2) in Proposition 7.0.48. We keep the notations in the proof of
Proposition 3.0.18. Consider a small extension e : 0 → (t) → A˜ → A → 0 in Art and let
η = (ξ,L,∇L) be an infinitesimal deformation of (X,Λ0, L,∇) over A, where
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ξ :
(X,Λ0) −−−−→ (X ,Λ)y y
Spec(k) −−−−→ Spec(A)
Let U = {Ui} be an affine open cover of X and θi : (Ui × Spec(A),Λi) → (X|Ui ,Λ|Ui) be a
Poisson isomorphism so that θij := θ
−1
j θi : (Uij ×Spec(A),Λi)→ (Uij × Spec(A),Λj) is an Poisson
isomorphism. Let fij : (OX(Uij) ⊗k A,Λj) → (OX(Uij) ⊗k A,Λi) corresponding to θij. We may
assume that (L,∇L) is given by a system of transition functions {Fij}, where Fij is a nowhere zero
function on Uij×Spec(A) which is restricted from Ui×Spec(A) so that Fijfij(Fjk) = Fik and {Ti},
where Ti ∈ Γ(Ui, TX) ⊗ A with [Λi, Ti] = 0 and f˜ijTj − Ti + [Λi, log Fij ] = 0. In order to see if a
lifting (ξ˜, L˜,∇L˜) of (ξ,L,∇L) to Spec(A˜) exists, we choose arbitrarily a collection {θ˜ij}, {F˜ij}, {Λ˜i}
and {T˜i} where, for each i, j, k:
(1) θ˜ij is an automorphism of Uij × Spec(A˜) which restrict to θij on Uij × Spec(A), and corre-
sponds to f˜ij : OX(Uij)⊗ A˜→ OX(Uij)⊗ A˜ as in the proof of Proposition 3.0.18.
(2) F˜ij is a nowhere zero function on Uij × Spec(A˜) ⊂ Ui × Spec(A˜) which restricts Fij on
Uij × Spec(A) ⊂ Ui × Spec(A).
(3) Λ˜i is a bivector field over A˜ on Ui × Spec(A˜) which restricts Λi on Ui × Spec(A) as in the
proof of Proposition 3.0.18 so that Λ˜i ∈ Γ(Ui,∧
2TX)⊗k A˜.
(4) T˜i is a vector field over A˜ on Ui × Spec(A˜) which restricts to Ti on Ui × Spec(A) so that
T˜i ∈ Γ(Ui, TX)⊗ A˜.
Recall that from the proof of Proposition 3.0.18, (1) implies that f˜ij f˜jkf˜
−1
ik = Id+td˜ijk, and (2) im-
plies that F˜ij f˜ij(F˜jk)F˜
−1
ik = 1+tgijk for some gijk ∈ OX(Uijk). By considering (−2g˜ijk,−2d˜ijk) to be
on OX |Uk⊕TX |Uk , we can show that {(−2g˜ijk,−2d˜ijk)} ∈ C
2(U , E0L) and −δ({(−2g˜ijk,−2d˜ijk)}) = 0
(for the detail, see [Ser06] p.149-150). (4) implies that [Λ˜i, T˜i] = tSi for some Si ∈ Γ(Ui,∧
2TX).
Moreover (2) and (4) implies that f˜ijT˜j − T˜i + [Λ˜i, log F˜ij ] = 0 mod (t) so that f˜ijT˜j − T˜i +
[Λ˜i, log F˜ij ] = tQij for some Qij ∈ Γ(Uij , TX). By considering (−2Qij , 2Λ
′
ij) to be on TX |Uj ⊕
∧2TX |Uj , we can show that {(−2Qij , 2Λ
′
ij)} ∈ C
1(U , E1L). We claim that α := {(−2Si,Πi)} ⊕
{(−2Qij , 2Λ
′
ij)}⊕ {(−2gijk,−2d˜ijk)} ∈ C
0(U , E2L)⊕C
1(U , E1L)⊕C
0(U , E0L) is a 2-cocyle in the above
Cˇech resolution.
We show that d({(−2Si,Πi)}) = {([Λ0,−2Si] + (−1)
3[T 0i ,Πi], [Λ0,Πi])} = 0. Indeed, since
t[Λ0, Si] = [Λ˜i, [Λ˜i, T˜i]] = [[Λ˜i, Λ˜i], T˜i] − [Λ˜i, [Λ˜i, T˜i]] = [tΠi, T
0
i ] − t[Λ0, Si], we have [Λ0, 2Si] +
[−Πi, T
0
i ] = 0.
We show that −δ({−2Si,Πi)}) + d({(−2Qij , 2Λ
′
ij)}) = 0. We note that (−2Si,Πi) on Ui
is identified with (−2Si + [Πi, log hij ],Πi) on Uj. Then on Uj , we have to show that −2Si +
[Πi, log hij ]− (−2Sj) + [Λ0,−2Qij ] + (−1)
2[T 0j , 2Λ
′
ij ] = 0. Indeed, 2tSi − 2tSj = 2tSi − 2f˜ij(tSj) =
2[Λ˜i, T˜i] − 2f˜ij [Λ˜j , T˜j ] = 2[Λ˜i, T˜i] − 2[f˜ijΛ˜j , f˜ijT˜j ] = 2[Λ˜i, T˜i] − 2[Λ˜i + tΛ
′
ij , T˜i − [Λ˜i, log F˜ij ] +
tQij] = −2t[Λ0, Qij]+2[Λ˜i, [Λ˜i, log F˜ij ]]−2t[Λ
′
ij , T
0
i −[Λ0, log hij ]] = t[Λ0,−2Qij ]+[[Λ˜i, Λ˜i], log F˜ij ]−
t[2Λ′ij , T
0
j ] = t([Λ0,−2Qij ] + [Πi, log hij ] + [T
0
j , 2Λ
′
ij ]).
We show that −δ({(−2Qij , 2Λ
′
ij)})+d({(−2gijk ,−2d˜ijk)}) = 0, equivalently −δ({(−Qij ,Λ
′
ij)})+
d({(−gijk,−d˜ijk)}) = 0. We note that (−gijk,−d˜ijk) on Uk is identified with (−gijk−d˜ijk log hki,−d˜ijk)
on Ui. (−Qij ,Λ
′
ij) on Uj is identified with (−Qij − [Λ
′
ij , log hij ],Λ
′
ij) on Ui. (−Qjk,Λ
′
jk) on Uk is
identified with (−Qjk − [Λ
′
jk, log hik],Λ
′
jk) on Ui. We have to show that on Ui,
Qij + [Λ
′
ij , log hij ] +Qjk + [Λ
′
jk, log hik] +Qki − [Λ0, gijk + d˜ijk log hki] + (−1)
1[T 0i ,−d˜ijk] = 0
DEFORMATIONS OF NONSINGULAR POISSON VARIETIES AND POISSON INVERTIBLE SHEAVES 25
By Lemma 3.0.12, on Ui, we have t[T
0
i , d˜ijk] = T˜i − f˜ij f˜jkf˜kiT˜i = T˜i − f˜ij f˜jk(T˜k − [Λ˜k, log F˜ki] +
tQki) = T˜i − f˜ij(T˜j − [Λj , log F˜jk] + tQjk − [f˜jkΛ˜k, log f˜jkF˜ki] + tQki] = T˜i − f˜ij(T˜j − [Λ˜j , log F˜jk]−
[Λ˜j + tΛ
′
jk, log f˜jkF˜ki] + tQki + tQjk) = T˜i − (T˜i − [Λ˜i, log F˜ij ] − [f˜ijΛ˜j , log f˜ijF˜jk · f˜ij f˜jkF˜ki] −
t[Λ′jk, log hki]+ tQij + tQjk+ tQki) = [Λ˜i, log F˜ij ]+ [Λ˜i+ tΛ
′
ij , log f˜ijF˜jk · f˜ij f˜jkF˜ki]+ t[Λ
′
jk, log hki]−
t(Qij+Qjk+Qki) = [Λ˜i, log F˜ij · f˜ijF˜jk · f˜ij f˜jkF˜ki]+ t[Λ
′
ij, log hjkhki]+ t[Λ
′
jk, log hki]− t(Qij+Qjk+
Qki) = [Λ˜i, log F˜ij · f˜ijF˜jk · f˜ij f˜jkf˜kiF˜
−1
ik ] + t[Λ
′
ij , log hji] + t[Λ
′
jk, log hki] − t(Qij + Qjk + Qki) =
[Λ˜i, log(F˜ij · f˜ijF˜jk · F˜
−1
ik + F˜ij · f˜ijF˜jk · tdijkF˜
−1
ik )] + t[Λ
′
ij, log hji] + t[Λ
′
jk, log hki] − t(Qij + Qjk +
Qki) = [Λ˜i, log(1 + tgijk + thijhjkd˜ijkhki)] − t[Λ
′
ij , log hij] − t[Λ
′
jk, log hik] − t(Qij + Qjk + Qki) =
(1−tgijk−thikd˜ijkhki)[Λ˜i, 1+tgijk+thikd˜ijkhki]−t[Λ
′
ij , log hij ]−t[Λ
′
jk, log hik]−t(Qij+Qjk+Qki) =
t[Λ0, gijk + d˜ijk log hki]− t[Λ
′
ij , log hij ]− t[Λ
′
jk, log hik]− t(Qij +Qjk +Qki).
We claim that given a different arbitrary choice {θ˜′ij}, {Λ˜
′
i}, {F˜
′
ij} and {T˜
′
i} satisfying (1),(2),(3)
and (4), the associated 2-cocycle β := {(−2S′i,Π
′
i)} ⊕ {(−2Qij , 2Λ
′′
ij)} ⊕ {(−2gijk,−2d˜
′
ijk)} is co-
homologous to the 2-cocycle α = {(−2Si,Πi)} ⊕ {(−2Qij , 2Λ
′
ij)} ⊕ {(−2gijk,−2d˜ijk)} associated
with {θ˜ij}, {Λ˜i}, {F˜ij} and {T˜i}. We note that T˜
′
i = T˜ + tT
′
i for some T
′
i ∈ Γ(Ui, TX) and
F˜ ′ij = F˜ij + tF
′
ij for some F
′
ij ∈ Γ(Uij,OX). Recall the notations in the proof of Proposition
3.0.18. tS′i = [Λ˜
′
i, T˜
′
i ] = [Λ˜i + tΛ
′
i, T˜i + tT
′
i ] = tSi + [Λ˜i, tT
′
i ] + t[Λ
′
i, T˜i] = tSi + t[Λ0, T
′
i ] + t[Λ
′
i, T
0
i ] so
that −2Si + 2S
′
i = [Λ0, 2T
′
i ] + (−1)
2[T 0i ,−2Λ
′
i].
1 + tg′ijk = F˜
′
ij f˜
′
ij(F˜
′
jk)F˜
′−1
ik = (F˜ij + tF
′
ij)(f˜ij + tp
′
ij)(F˜jk + tF
′
jk)(F˜ik + tF
′
ik)
−1 = (F˜ij +
tF ′ij)(f˜ij(F˜jk)+t[p
′
ij , hjk]+tF
′
jk)(F˜
−1
ik −tF
′
ikh
−2
ik ) = F˜ij f˜ij(F˜jk)F˜
−1
ik +thij[p
′
ij , hjk]h
−1
ik −thijhjkF
′
ikh
−2
ik +
thijF
′
jkh
−1
ik + tF
′
ijhjkh
−1
ik = 1 + tgijk + t
1
hjk
[p′ij , hjk] − thkiF
′
ik + thkjF
′
jk + thjiF
′
ij = 1 + tgijk +
t 1hjk [p
′
ij, hjk]− t
F ′
ik
hik
+ t
F ′
jk
hjk
+ t
F ′ij
hij
so that −gijk − (−g
′
ijk) =
1
hjk
[p′ij , hjk]−
F ′
ik
hik
+
F ′
jk
hjk
+
F ′ij
hij
. Note that
(
F ′ij
hij
, p′ij) on Uj is identified with
F ′ij
hij
+ [p′ij, log hjk] on Uk.
tQ′ij = f˜
′
ijT˜
′
j − T˜
′
i + [Λ˜
′
i, log F˜
′
ij ] = (f˜ij + tp
′
ij)(T˜j + tT
′
j)− T˜i − tT
′
i + [Λ˜i + tΛ
′
i, log(F˜ij + tF
′
ij)] =
f˜ijT˜j + t[p
′
ij, T
0
j ] + tT
′
j − T˜i − tT
′
i +
F˜ij−tF ′ij
F˜ 2ij
[Λ˜i + tΛ
′
i, F˜ij + tF
′
ij ] = tQij + t[p
′
ij, T
0
j ] + tT
′
j − tT
′
i −
t
F ′ij
h2ij
[Λ0, hij ]+ t
1
hij
[Λ0, F
′
ij ]+ t
1
hij
[Λ′i, hij ] so that −Qij−(−Q
′
ij) = T
′
j−(T
′
i +
1
hij
[−Λ′i, hij ])+[Λ0,
F ′ij
hij
].
Here we note that (T ′i ,−Λ
′
i) on Ui is identified with (T
′
i +
1
hij
[−Λ′i, hij ],−Λ
′
i) on Uj .
Hence ({2T ′i}, {−2Λ
′
i})⊕ ({2
F ′ij
hij
}, {2p′ij}) ∈ C
0(U , E1L)⊕C
1(U , E0L) in the above Cˇech resolution is
mapped to α−β so that α is cohomologous to β. So given a small extension e : 0→ (t)→ A˜→ A→
0 and an infinitesimal deformations η of (X,Λ0, L,∇) over A, we can associate an element oη(e) :=
the cohomology class of α ∈ H2(X,Λ0, E
•
L). We note that oη(e) = 0 if and only if there exists a
collection of {f˜ij}, {Λ˜i}, {F˜ij}, {Y˜i} defining an infinitesimal deformation over A˜ which induces η.
Let’s consider the proof of (3) in Proposition 7.0.48. For given c(L,∇) = ({T 0i }, {d log hij}) ∈
H
1(Ω1X
iΛ0−−→ TX), we define in the Cˇech resolutions of T
•
X and O
•
X ,
c(L,∇) : H1(X,Λ0, T
•
X)→ H
2(X,Λ0,O
•
X), k(ξ) 7→ c(L,∇)(k(ξ))
({−Λi}, {pij}) 7→ ({[−Λi, T
0
i ]}, {[−Λi, log hij ] + [T
0
j , pij ]}, {−
pijhjk
hjk
= −[pij, log hjk]})
We can check this is well-defined. c(L,∇)(k(ξ)) = 0 means that there exists ({Wi}, {
gij
hij
}) ∈
C0(U , TX)⊕ C
1(U ,OX) such that
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[Λ0,Wi] = [−Λi, T
0
i ]
[Λ0,−]
x
Wi
δ
−−−−→ Wj −Wi + [Λ0,
gij
hij
] = [−Λα, log hij ] + [T
0
j , pij]
[Λ0,−]
x
gij
hij
δ
−−−−→
gij
hij
+
gjk
hβγ
− gαγhαγ = −
pijhjk
hjk
Hence (L,∇) deforms along a first-order deformation ξ over k[ǫ].

Remark 7.0.50. We keep the notations in the proof of Proposition 7.0.48. When Λ0 is symplectic,
H
1(X,Ω1X
iΛ0−−→ TX) ∼= H
1(X,Ω1X
Id
−→ Ω1X) = 0 so that the Poisson Chern class of a Poisson
invertible sheaf (L,∇) is trivial. Hence (L,∇) deforms along whole H1(X,Λ0, T
•
X)
∼= H1(X,Ω•X),
where Ω•X : Ω
1
X
∂
−→ ∧2Ω1X
∂
−→ · · · . When Λ0 is trivial, {T
0
i } is a global Poisson vector field T , and
{Λi} is a global bivector field Λ so that we have
H
1(X,Λ0, T
•
X)
·c(L,∇)
−−−−→ H2(X,Λ0,O
•
X)
∼= H0(X,∧2TX)⊕H
1(X,TX )⊕H
2(X,OX )
(−Λ, {pij}) 7→ ([−Λ, T ], {[−Λ, log hij ] + [T, pij ]}, {−
pijhjk
hjk
})
Remark 7.0.51. Let (X,Λ0) be a compact Ka¨hler holomorphic Poisson manifold and (L,∇) be
a Poisson invertible sheaf on (X,Λ0). In this remark, we describe the map H
1(X,Λ0, T
•
X)
c(L,∇)
−−−−→
H
2(X,Λ0,O
•
X) in terms of Deaulbault resolution. Let the Poisson Chern class of (L,∇) be repre-
sented by ({Ti}, {d log fij}) for an open covering U = {Ui} of X. Given a 1-cocycle ({−Λi}, {pij}) ∈
C0(U ,∧2TX)⊕ C
1(U , TX) in H
1(X,Λ0, T
•
X), we have
c(L,∇) : H1(X,Λ0, T
•
X)→ H
2(X,Λ0,O
•
X)
({−Λi}, {pij}) 7→ ({[−Λi, Ti]}, {[−Λi, log fij] + [Tj , pij ]}, {−
pijfjk
fjk
= −[pij, log fjk]})
There exists {ei} ∈ C
0(U ,A 0,0(TX)) such that −δ{ei} = {ei − ej} = {pij}. Then ({−Λi}, {pij})
corresponds to (−Λ := {[Λ0, ei] + Λi}, θ := ∂¯{ei}) ∈ A
0,0(X,∧2TX) ⊕ A
0,1(X,TX ). Recall that
({d log fij}, {Ti}) corresponds to (ω := {−∂¯∂ log ai}, T = {−[Λ0, log ai] − Ti}) ∈ A
0,1(X,Ω1X) ⊕
A0,0(X,TX) by Remark 4.0.35. We connect Cˇech reolsution with Deaulbault resolution in the fol-
lowing.
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H0(X,∧2TX )
vv♥♥
♥
♥
♥
♥
♥
// C0(∧2TX )
ww♦♦
♦
♦
♦
♦
♦
A0,0(X,∧2TX ) // C
0(A 0,0(∧2TX ))
H0(X,TX )
OO
vv
// C0(TX )
OO
ww♦♦
♦
♦
♦
♦
♦
δ
// C1(TX )
xxqq
q
q
q
q
A0,0(X, TX)
[Λ0,−]
OO
∂¯ww♦♦
♦
♦
♦
♦
♦
// C0(A 0,0(TX))
[Λ0,−]
OO
∂¯vv♠♠
♠
♠
♠
♠
♠
♠
δ
// C1(A 0,0(TX ))
A0,1(X, TX ) // C
0(A 0,1(TX )) C
0(OX)
ww
OO
−δ
// C1(OX)
OO
xxqq
q
q
q
q
δ
// C2(OX)
zz✉✉
✉
✉
✉
✉
A0,0(X,OX)
OO
//
∂¯ww
C0(A 0,0)
[Λ0,−]
OO
−δ
//
∂¯vv♠♠
♠
♠
♠
♠
♠
♠
C1(A 0,0)
∂¯xx♣♣
♣
♣
♣
♣
♣
[Λ0,−]
OO
δ
// C2(A 0,0)
A0,1(X,OX)
[Λ0,−]
OO
//
∂¯ww♣♣
♣
♣
♣
♣
♣
C0(A 0,1)
[Λ0,−]
OO
−δ
//
∂¯vv♥♥
♥
♥
♥
♥
♥
C1(A 0,1)
A0,2(X,OX) // C
0(A 0,2)
On the first floor, we note that δ({[ei, log fij]}) = [ei, log fij] − [ei, log fik] + [ej , log fjk] =
[ei, log fkj] + [ej , log fjk] = −([ei − ej, log fjk]) = {−
pijfjk
fjk
} and ∂¯{[ei, log fij]} = [∂¯ei, log fij] =
[θ, log fij] = θ(d(log fij)) = θ(∂ log fij) = θ(∂ log aj) − θ(∂ log ai) = −δ({θ(−∂ log ai)}). Then
∂¯({θ(−∂ log ai)}) = ∂¯[θ,− log ai] = −[θ,−∂¯ log ai] = −θ(−∂∂¯ log ai) = θ(ω). Hence {−
pijfjk
fjk
} ∈
C2(U ,OX) corresponds to θ(ω) ∈ A
0,2(X,OX ) by Appendix A.
On the second floor, we note that [Λ0, [ei, log fij]] − [−Λi, log fij] − [Tj , pij ] = [[Λ0, ei], log fij] +
[ei, [Λ0, log fij]]+[Λi, log fij]−[Tj , ei−ej ] = [[Λ0, ei], log fij]+[ei, Ti−Tj]+[Λi, log fij]−[Tj , ei−ej ] =
[−Λ, log fij] − [Ti, ei] + [Tj , ej ] = [−Λ, log aj ] − [−Λ, log ai] − [Ti, ei] + [Tj , ej ] = δ([−Λ, log ai] +
[Ti, ei]). Then [Λ0, [θ,− log ai]]− ∂¯([−Λ, log ai])− ∂¯([Ti, ei]) = [[Λ0, θ],− log ai]− [θ, [Λ0,− log ai]] +
[∂¯Λ, log ai]− [Λ, ∂¯ log ai]− [Ti, θ] = −[Λ, ∂¯ log ai]− [θ, T ] = −iΛ(∂∂¯ log ai)− [θ, T ] = −iΛ(ω)− [θ, T ].
Hence {[−Λi, log fij] + [Tj , pij ]} corresponds to −iΛω − [θ, T ] ∈ A
0,1(X,TX ) by Appendix A.
On the third floor, we note that [Λ0, [−Λ, log ai]] + [Λ0, [Ti, ei]] + [−Λi, Ti] = [Λ, [Λ0, log ai]] +
[Ti, [Λ0, ei]] + [Ti,Λi] = [Λ, [Λ0, log ai]] + [Ti,−Λ] = [Λ,−T ]. Hence [−Λi, Ti] corresponds to [Λ, T ] ∈
A0,0(X,∧2TX) by Appendix A.
Hence for given c(L,∇) = (ω, T ), we have the following map
c(L,∇) : H1(X,Λ0, T
•
X)→ H
2(X,Λ0,O
•
X), (−Λ, θ) 7→ ([Λ, T ],−iΛ(ω) + [T, θ], θ(ω))(7.0.52)
Example 5. Let (X,Λ0) be a complex K3 surface with trivial Poisson structure Λ0 = 0. Then
H
1(X,Λ0, T
•
X) = H
1(X,TX ) ⊕ H
0(X,∧2TX) and H
2(X,Λ0,O
•
X) = H
2(X,OX ) ⊕ H
1(X,TX) ⊕
H2(X,OX ). In this case, any global vector field define a Poisson OX -module structure on an
invertible sheaf L on (X, 0). However, there is no nonzero global vector field on X. Hence there is
only trivial Poisson OX -module structure on L of (X, 0). We denote this Poisson invertible sheaf
by (L, 0). In this case, from (7.0.52), we have a map (−Λ, θ) 7→ ([Λ, 0],−iΛ(ω) + [0, θ], θ(ω)) =
(0,−iΛ(ω), θ(ω)). When Λ = 0, we get (0, 0, θ(ω)) so that (L, 0) deforms along whole H1(X,TX ) =
20 when c(L) is trivial and along 19 dimensional subspace of H1(X,TX) when c(L) is nontrivial
since H1(X,TX )→ H
2(X,OX ) is surjective. When Λ 6= 0, in other words, Λ is symplectic, in this
case, we get (0,−iΛ(ω), θ(ω)). Since iΛ : Ω
1
X → TX is an isomorphism when Λ 6= 0, in order that
the cohomology class of −iΛ(ω) = 0, the Chern class ω of the invertible sheaf L should be trivial.
We conclude that when L has a trivial Chern class, then (L, 0) deforms along whole H1(X,Λ0, T
•
X).
When L has a nontrivial Chern class and Λ 6= 0, there is no first order deformation of (L, 0) along
(−Λ, θ). Hence (L, 0) deforms along 19 dimensional subspace of H1(X,TX ) when c(L) is nontrivial.
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Example 6. Let X be a complex abelian variety induced from a n-dimensional vector space V over
C by a lattice and L be an ample invertible sheaf on X. We consider a trivial Poisson structure
Λ0 = 0 on X. Then any global vector field T =
∑n
i=1 ci
∂
∂zi
, ci ∈ C define a Poisson OX -module
structure on L. We denote the Poisson invertible sheaf by (L, T ). Let
∑n
p,q=1 apqdzp ∧ dz¯q, apq ∈ C
be the associated (1, 1)-form of L so that (apq) is positive definite. Then H
1(X,Λ0, T
•
X)
c(L,∇)
−−−−→
H
2(X,Λ0,O
•
X) is described in the following way by Remark 7.0.50 and (7.0.52),
H0(X,∧2TX)⊕H
1(X,TX )→ H
0(X,∧2TX)⊕H
1(X,TX)⊕H
2(X,OX )
(−Λ =
n∑
i,j=1
−xij
∂
∂zi
∧
∂
∂zj
,
n∑
i,j=1
bij
∂
∂zi
∧ dz¯j)
7→ ([Λ, T ],
n∑
i,p,q=1
2xipapq
∂
∂zi
∧ dz¯q + [T,
n∑
i,j=1
bij
∂
∂zi
] ∧ dz¯j ,
n∑
q,i,j=1
−aqibijdz¯q ∧ dz¯j)
= (0,
n∑
i,p,q=1
2xipapq
∂
∂zi
∧ dz¯q,
n∑
q,i,j=1
−aqibijdz¯q ∧ dz¯j)
where xij , bij ∈ C and xij = −xji. In order for the second component to be 0, Λ should be 0 since
(aij) is positive definite. Hence (L, T ) deforms only in the subspace of H
1(X,TX) which is n
2−
(
n
2
)
(see [Ser06] p.151)
Remark 7.0.53 (compare [Hor76]). We can rephrase simultaneous deformations of (X,Λ0, L,∇)
in the holomorphic setting in the following way. Let (X,Λ0) be a compact holomorphic Poisson
manifold. By a family of deformations of Poisson invertible sheaves, we mean a pair of Poisson
analytic family (X ,Λ,M) with p : X →M and a Poisson invertible sheaf (L,∇L) on X overM . Let
{Ui} be a finite open covering of X, where z = (z1, ..., zn) is a coordinate of Ui such that X is locally
covered by a finite number of coordinate systems Ui×M with coordinate change zj = fjk(zk, t) and
Poisson structures Λi(t) :=
∑n
p,q=1 g
i
pq(zi, t)
∂
∂zpi
∧ ∂
∂zqi
on Ui ×M with g
i
pq(zi, t) = −g
i
qp(zi, t) (see
[Kim14b]) and (L,∇L) is represented by transition functions {Ψij(zj , t)} and Poisson vector fields
{Ti(t) :=
∑n
l=1 T
l
i (zi, t)
∂
∂zli
}. Then we have
Ψij(fjk(zk, t), t) ·Ψjk(zk, t) = Ψik(zk, t),(7.0.54)
[
n∑
p,q=1
gipq
∂
∂zpi
∧
∂
∂zqi
,
n∑
l=1
T li (zi, t)
∂
∂zli
] = 0(7.0.55)
n∑
p=1
T pk (zk, t)
∂
∂zpk
−
n∑
q=1
T qj (zj , t)
∂
∂zqj
+ [
n∑
p,q=1
gjpq(zj , t)
∂
∂zpj
∧
∂
∂zqj
, log Ψjk(zk, t)](7.0.56)
=
n∑
p,q=1
T pk (zk, t)
∂f qjk
∂zpk
∂
∂zqj
−
n∑
q=1
T qj (fjk(zk, t), t)
∂
∂zqj
+
n∑
p,q=1
2
gjpq(zj , t)
Ψjk
∂Ψjk
∂zpj
∂
∂zqj
= 0.
By considering the coefficient of ∂
∂zqj
in (7.0.56), we get
n∑
p=1
T pk (zk, t)
∂f qjk
∂zpk
− T qj (fjk(zk, t), t) +
n∑
p=1
2
gjpq(zj , t)
Ψjk
∂Ψjk
∂zpj
= 0
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By taking the derivative with respect to t, we get
n∑
p=1
∂T pk
∂t
∂f qjk
∂zpk
+
n∑
p=1
T pk
∂
∂zpk
(
∂f qjk
∂t
)
−
n∑
p=1
∂T qj
∂zpj
∂fpjk
∂t
−
∂T qj
∂t
(7.0.57)
+
n∑
p=1
2
1
Ψ2jk
(
∂gjpq
∂t
Ψjk − g
j
pq
∂Ψjk
∂t
)
∂Ψjk
∂zpj
+
n∑
p=1
2
gjpq
Ψjk
∂
∂zpj
(
∂Ψjk
∂t
)
= 0
We claim that ({T ′j =
∑n
p=1
∂T pj (zj ,t)
∂t
∂
∂zpj
,−Λ′j =
∑n
p,q=1−
∂gjpq(zj ,t)
∂t
∂
∂zpj
∧ ∂
∂zqj
}, {Ψ′jk =
1
Ψjk
∂Ψjk
∂t ,−θjk =
−
∑n
p=1
∂fp
jk
(zk ,t)
∂t
∂
∂zpj
}) ∈ C0(U , E1L) ⊕ C
1(U , E0L) define a 1-cocycle. By taking the derivative of
(7.0.54), we can show that Ψ′jk −Ψ
′
ik +Ψ
′
ij = −[θjk, log Ψij] so that δ({Ψ
′
ij}) = 0 (see [Hor76]). By
taking the derivative of (7.0.55), we have [Λ′j , Tj ] + [Λ, T
′
j ] = 0 so that [Λ, T
′
j ] + (−1)
2[Tj,−Λ
′
j ] = 0.
We note that (T ′k,−Λ
′
k) on Uk is translated to (T
′
k + [Λ
′
k, log Ψjk],−Λ
′
k) on Uj . So it remains to
show that T ′k + [Λ
′
k, log Ψjk]− T
′
j + [Λ,Ψ
′
jk] + (−1)
1[Tj ,−θjk] = 0, equivalently,
n∑
p=1
∂T pk
∂t
∂
∂zpk
+[
n∑
p,q=1
∂gkpq
∂t
∂
∂zpk
∧
∂
∂zqk
, log Ψjk]−
n∑
q=1
∂T qj
∂t
∂
∂zqj
+ [
n∑
p,q=1
gjpq
∂
∂zpj
∧
∂
∂zqj
,
1
Ψjk
∂Ψjk
∂t
]− [
n∑
p=1
∂fpjk
∂t
∂
∂zpj
,
n∑
q=1
T qj
∂
∂zqj
] = 0
which follows from (7.0.57). Hence we have a characteristic map ρ : Tt(B)→ H
1(Xt,Λt, E
•
L).
8. Deformations of sections of a Poisson invertible sheaf (L,∇) in flat Poisson
deformations
The formalism of deformations of section of an invertible sheaf in flat deformations presented
in [Ser06] (see p.152-153) can be extended to Poisson deformations. Let (X,Λ0) be a nonsingular
projective Poisson variety and (L,∇) be a Poisson invertible sheaf on (X,Λ0). Let (L,∇) be given
by transition functions {fij} ∈ C
1(U ,O∗X) and Poisson vector fields {Ti} ∈ C
0(U , TX) for an affine
open covering U = {Ui} of X. We define a homomorphism of complex of sheaves in the following
way (see Remark 4.0.27)
E0L −−−−→ E
1
L −−−−→ E
2
L
M0
y M1y M2y
H
0(X,Λ0, L
•,∇)∨ ⊗ L
v0:=∇−−−−→ H0(X,Λ0, L
•,∇)∨ ⊗ L⊗ TX
v1−−−−→ H0(X,Λ0, L
•,∇)∨ ⊗ L⊗∧2TX
Consider a section η ∈ Γ(U, EpL), where U ⊂ X is an open set. It is given by a system ({ai, bi})
where ai ∈ Γ(U ∩ Ui,∧
pTX), bi ∈ Γ(U ∩ Ui,∧
p+1TX) such that bj = bi and aj − ai =
1
fij
[bi, fij].
Then for every s = {si} ∈ H
0(X,Λ0, L
•,∇) so that −[Λ0, si] + siTi = 0, we let
Mp(η)(si) = siai + [bi, si]
We show that this is well-defined, in other words, Mp(η)(si) and Mp(η)(sj) define a same element
so that fijMp(η)(sj) =Mp(η)(si). Indeed, on U ∩ Ui ∩ Uj ,
fijMp(η)(sj) = fij(sjaj + [bj , sj]) = siaj + fij[bj , sj] = si(ai +
[bi, fij ]
fij
) + fij[bj, sj ]
= siai + sj[bi, fij ] + fij[bj , sj] = siai + [bi, fijsj] = siai + [bi, si] =Mp(η)(si)
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Therefore the functionsMp(η)(si) ∈ Γ(U∩Ui,∧
pTX) patch together to define a sectionMp(η)(s) ∈
Γ(U,L⊗∧iTX). This defines Mi. Consider the induced linear map
M1 : H
1(X,Λ0, E
•
L)→ Hom(H
0(X,Λ0, L
•,∇),H1(X,Λ0, L
•,∇))
Let η ∈ H1(X,Λ0, EL) be represented by the Cˇech cocyle ({bi, ci}) ⊕ ({aij , dij}) ∈ C
0(U , E1L) ⊕
C1(U , E0L). We consider (aij , dij) in OX |Uj ⊕ TX |Uj . Then
M1(η) : H
0(X,Λ0, L
•,∇)→ H1(X,Λ0, L
•,∇)
{si} 7→ {sibi + [ci, si]} ⊕ {sjaij + [dij , sj ]}
Definition 8.0.58. Let A ∈ Art and (X ,Λ,L,∇L) be an infinitesimal deformation of (X,Λ0,X,L)
over Spec(A). Then we say that a section s ∈ H0(X,Λ0, L
•,∇) extends to (L,∇L) if
s ∈ Im[H0(X ,Λ,L•,∇L)→ H
0(X,Λ0, L
•,∇)]
Proposition 8.0.59. Let (X,Λ0) be a nonsingular projective Poisson variety, (L,∇) a Poisson
invertible sheaf on (X,Λ0), and (X ,Λ,L,∇L) be a first order simultaneous deformation of (X,Λ0)
and (L,∇) over Spec(k[ǫ]) defined by a cohomology class η ∈ H1(X,Λ0, E
•
L). Then a section s ∈
H
0(X,Λ0, L
•,∇) extends to a section s˜ ∈ H0(X ,Λ,L•,∇L) of (L,∇L) if and only if s ∈ ker(M1(η)).
Proof. As above, let (L,∇) be represented by ({fij}, {Ti}) ∈ C
1(U ,O∗X) ⊕ C
0(U , TX) and η =
(X ,Λ,L,∇L) by {(bi, ci)}⊕{(aij , dij)} ∈ C
0(U , E1L)⊕C
1(U , E0L) for an affine open covering U = {Ui}
ofX so that we have Poisson isomorphisms θij := Id+ǫdij : (OX(Ui),Λ0−ǫcj)→ (OX(Ui),Λ0−ǫci),
and (L,∇) is represented by Fij = fij+ ǫaijfij and Yi = Ti+ ǫbi (see the proof of (1) in Proposition
7.0.48). Let’s assume that s ∈ H0(X,Λ0, L
•,∇) is represented by {si}, si ∈ Γ(Ui,OX), such that
si = fijsj and −[Λ0, si] + siTi = 0. Then M1(η)(s) is represented by {sibi + [ci, si]} ⊕ {sjaij +
[dij , sj ]} ∈ C
0(U , L)⊕ C1(U , L⊗ TX).
In order for s to extend to a section s˜ ∈ H0(X ,Λ,L,∇L), it is necessary and sufficient that there
exist {ti}, ti ∈ Γ(Ui,OX) such that θji(Fij) · (sj + ǫtj) = θji(si + ǫti) on Uj , and −[Λ0 − ǫci, si +
ǫti] + (si + ǫti)(Ti + ǫbi) = 0. Then we have (1− ǫdij)(fij + ǫfijaij) · (sj + ǫtj) = (1− ǫdij)(si + ǫti)
so that (fij − ǫdijfij + ǫfijaij)(sj + ǫtj) = (1 − ǫdij)(si + ǫti). By considering the coefficient of
ǫ, we get fijtj − sjdijfij + siaij = ti − dijsi. Then dijsi − sjdijfij + siaij = ti − fijtj and so
dij(fijsj) − sjdijfij + siaij = ti − fijtj . Hence fijdijsj + siaij = ti − fijtj so that dijsj + sjaij =
sjaij + [dij , sj] = fijti − tj on Uj .
On the other hand, −[Λ0 − ǫci, si + ǫti] + (si + ǫti)(Ti + ǫbi) = 0, which means that −[Λ0, ti] +
[ci, si]+sibi+tiTi = 0. Then −[Λ0,−ti]−tiTi = sibi+[ci, si]. Hence {sibi+[ci, si]}⊕{sjaij+[dij , sj]}
is a coboundary so that M1(η)(s) = 0. 
Appendix A. Isomorphism of the second cohomology groups between Cˇech and
Deaulbault resolutions
Let (X,Λ0) be a compact holomorphic Poisson manifold. In this appendix, we explicitly describe
an isomorphism of the second cohomology groups between Cˇech and Deaulbault resolutions of the
complex of sheaves OX
[Λ0,−]
−−−−→ TX
[Λ0,−]
−−−−→ ∧2TX
[Λ0,−]
−−−−→ · · · . We connect Cˇech reolsution with
Deaulbault resolution in the following (here δ is the Cˇech map).
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H0(X,∧2TX )
vv♥♥
♥
♥
♥
♥
♥
// C0(∧2TX )
ww♦♦
♦
♦
♦
♦
♦
A0,0(X,∧2TX ) // C
0(A 0,0(∧2TX ))
H0(X,TX )
OO
vv
// C0(TX )
OO
ww♦♦
♦
♦
♦
♦
♦
δ
// C1(TX )
xxqq
q
q
q
q
A0,0(X, TX)
[Λ0,−]
OO
∂¯ww♦♦
♦
♦
♦
♦
♦
// C0(A 0,0(TX))
[Λ0,−]
OO
∂¯vv♠♠
♠
♠
♠
♠
♠
♠
δ
// C1(A 0,0(TX ))
A0,1(X, TX ) // C
0(A 0,1(TX )) C
0(OX)
ww
OO
−δ
// C1(OX)
OO
xxqq
q
q
q
q
δ
// C2(OX)
zz✉✉
✉
✉
✉
✉
A0,0(X,OX)
OO
//
∂¯ww
C0(A 0,0)
[Λ0,−]
OO
−δ
//
∂¯vv♠♠
♠
♠
♠
♠
♠
♠
C1(A 0,0)
∂¯xx♣♣
♣
♣
♣
♣
♣
[Λ0,−]
OO
δ
// C2(A 0,0)
A0,1(X,OX)
[Λ0,−]
OO
//
∂¯ww♣♣
♣
♣
♣
♣
♣
C0(A 0,1)
[Λ0,−]
OO
−δ
//
∂¯vv♥♥
♥
♥
♥
♥
♥
C1(A 0,1)
A0,2(X,OX) // C
0(A 0,2)
Let ({aijk}, {bij}, {ci}) ∈ C
2(U ,OX)⊕ C
1(U , TX )⊕ C
0(U ,∧2TX) be a 2-cocycle, where U = {Ui}
is an open cover of X and Ui is an open ball.
On the first floor, since −δ({aijk}) = 0, there exists {dij} ∈ C
1(U ,A 0,0) such that δ({dij}) =
{aijk}. Since −δ({∂¯dij}) = −∂¯(δ({dij}) = {−∂¯aijk} = 0, there exists {ui} ∈ C
0(U ,A 0,1) such that
−δ({ui}) = {∂¯dij}. Since −δ({∂¯ui}) = {∂¯∂¯dij} = 0, we have {∂¯ui} ∈ A
0,2(X,OX ).
On the second floor, since δ({[Λ0, dij ] − bij ]) = {[Λ0, aijk]} − δ({bij}) = 0, there exists {fi} ∈
C0(U ,A 0,0(TX)) such that δ({fi}) = {[Λ0, dij ] − bij]}. Since δ({[Λ0, ui] − ∂¯fi}) = {−[Λ0, ∂¯dij ] −
∂¯[Λ0, dij ]} = 0, we have {[Λ0, ui]− ∂¯fi} ∈ A
0,1(X,TX ).
On the third floor, since δ({−ci−[Λ0, fi]}) = −δ({ci})+{[Λ0, bij ]} = 0, we have {−ci−[Λ0, fi]} ∈
A0,0(X,∧2TX).
We claim that ({∂¯ui}, {[Λ0, ui]−∂¯fi}, {−ci−[Λ0, fi]}) ∈ A
0,2(X,OX )⊕A
0,1(X,TX)⊕A
0,0(X,∧2TX)
define a 2-cocycle in the Deaulbault reolution. Indeed, ∂¯∂¯ui = 0, [Λ0, ∂¯ui] + ∂¯([Λ0, ui] − ∂¯fi) =
[Λ0, ∂¯ui] − [Λ0, ∂¯ui] = 0. [Λ0, [Λ0, ui] − ∂¯fi] − ∂¯ci − ∂¯[Λ0, fi] = −[Λ0, ∂¯fi] + [Λ0, ∂¯fi] = 0, and
[Λ0,−ci − [Λ0, fi]] = [Λ0,−ci] = 0.
We define an isomorphism of the second cohomology groups between Cˇech and Deaulbault res-
olutions by the correspondence
({aijk}, {bij}, {ci})→ ({∂¯ui}, {[Λ0, ui]− ∂¯fi}, {−ci − [Λ0, fi]})(A.0.60)
We claim that this is well-defined. In other words, equivalent 2-cocycles in Cˇech resolution cor-
responds to equivalent 2-cocycles in Deaulbault resolution. Let ({a′ijk}, {b
′
ij}, {c
′
i}) be an equiva-
lent 2-cocycle so that there exists {tij} ∈ C
1(U ,OX) and {ri} ∈ C
0(U , TX) such that δ({tij}) =
{aijk−a
′
ijk}, δ({ri})+{[Λ0, tij ]} = {bij− b
′
ij}, and {[Λ0, ri]} = {ci− c
′
i}. Since δ({dij −d
′
ij− tij}) =
{aijk − a
′
ijk} − δ({tij}) = 0, there exists {si} ∈ C
0(U ,A 0,0) such that −δ({si}) = {dij − d
′
ij − tij}.
Since −δ({ui − u
′
i − ∂¯si}) = {∂¯(dij − d
′
ij)− ∂¯(dij − d
′
ij − tij)} = 0, {ui − u
′
i − ∂¯si} ∈ A
0,1(X,OX ).
On the other hand, since δ({f ′i − fi− [Λ0, si]− ri}) = {[Λ0, d
′
ij − dij ]− (b
′
ij − bij)+ [Λ0, dij − d
′
ij −
tij]} − δ({ri}) = {bij − b
′
ij − [Λ0, tij ]} − δ({ri}) = 0, we have {f
′
i − fi− [Λ0, si]− ri} ∈ A
0,0(X,TX).
We claim that ({ui−u
′
i− ∂¯si}, {f
′
i −fi− [Λ0, si]− ri}) is mapped to ({∂¯(ui−u
′
i)}, {[Λ0, ui−u
′
i]−
∂¯(fi−f
′
i)}, {−(ci−c
′
i)− [Λ0, fi−f
′
i ]}). Indeed, [Λ0, f
′
i−fi− [Λ0, si]−ri] = −[Λ0, fi−f
′
i ]− [Λ0, ri] =
−[Λ0, fi − f
′
i ]− (ci − c
′
i), and [Λ0, ui − u
′
i − ∂¯si] + ∂¯(f
′
i − fi − [Λ0, si]− ri) = [Λ0, ui − u
′
i]− ∂¯(fi −
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f ′i)− [Λ0, ∂¯si]− ∂¯[Λ0, si] = 0. Hence ({aijk}, {bij}, {ci}) is cohomologous to ({a
′
ijk}, {b
′
ij}, {c
′
i}) so
that the correspondence (A.0.60) is well-defined.
Appendix B. Deformations of Poisson vector bundles
Definition B.0.61. Let (X,Λ0) be an algebraic Poisson scheme. A Poisson vector bundle F on
(X,Λ0) is a Poisson OX -module which is locally free of finite rank so that F is equipped with a flat
Poisson connection ∇ (see Definition 4.0.29). In this case, we denote the Poisson vector bundle by
(F,∇). Assume that (X,Λ0) is a Poisson scheme over S. Then (F,∇) is called a Poisson vector
bundle over S if the associated Poisson connection {−,−}F : OX ⊗k F → F is OS-linear.
Remark B.0.62. Let (X,Λ0) be a nonsingular Poisson variety and (F,∇) be a Poisson vector
bundle of rank n. Let U = {Uα} be an open covering of X such that F |Uα
∼= ⊕ni=1OX |Uα with
the transition matrices {Fαβ = (Fαβij )|F
αβ
ij ∈ Γ(Uαβ,OX )} where each matrix F
αβ defines a linear
transformation cαβ : ⊕ni=1OX |Uβ
(Fαβij )
−−−−→ ⊕ni=1OX |Uα by the rule c
αβ(eβj ) =
∑n
i=1 F
αβ
ij e
α
i . Here
eαi = (0, · · · ,
i−th
1 , · · · , 0) ∈ ⊕ni=1Γ(Uα,OX) and e
β
j = (0, · · · ,
j−th
1 , · · · , 0) ∈ ⊕ni=1Γ(Uβ,OX). Then
(1) FαβF βγ = Fαγ , equivalently for any pair (i, j),
∑n
j=1 F
αβ
ij F
βγ
jk = F
αγ
ik .
(2) Since F |Uα
∼= ⊕ni=1OX |Uα, the flat Poisson connection ∇ can be locally described as ∇ = v0 :⊕n
i=1OX |Uα →
⊕n
i=1 TX |Uα . Let v0(e
α
j ) =
∑n
i=1 T
α
ije
α
i = (T
α
1j , ..., T
α
nj) ∈ ⊕
n
i=1Γ(Uα, TX).
Since v0 is flat, by Remark 4.0.27, v1(v0(e
α
j )) = v1(
∑n
i=1 T
α
ije
α
i ) =
∑n
i=1−[T
α
ij ,Λ0]e
α
i −∑n
i=1(T
α
ij ∧ v0(e
α
i )) =
∑n
i=1−[T
α
ij ,Λ0]e
α
i −
∑n
i,k=1(T
α
ij ∧ T
α
ki)e
α
k = 0. By considering the
coefficient of eαi , we have −[T
α
ij ,Λ0] −
∑n
k=1 T
α
kj ∧ T
α
ik = 0. Hence, for any pair (i, j), we
have
[Λ0, T
α
ij ] +
n∑
k=1
Tαik ∧ T
α
kj = 0.(B.0.63)
(3) We will find a relation between (Tαij) and (T
β
ij). Let {−,−} be the Poisson bracket induced
form Λ0 and {−,−}α be the Poisson connection on F |Uα
∼= ⊕ni=1OX |Uα . For any local sec-
tion f ∈ OX , {f, c
αβ(eβj )}α =
∑n
i=1{f, F
αβ
ij e
α
i }α =
∑n
i=1{f, F
αβ
ij }e
α
i +
∑n
i,k=1 F
αβ
ij T
α
ki(f)e
α
k =
cαβ({f, eβj }β) = c
αβ(
∑n
k=1 T
β
kj(f)e
β
k) =
∑n
k=1 T
β
kj(f)c
αβ(eβk) =
∑n
k,r=1 T
β
kj(f)F
αβ
rk e
α
r so that
we have
∑n
i=1−[Λ0, F
αβ
ij ](f)e
α
i +
∑n
i,k=1 F
αβ
ij T
α
ki(f)e
α
k =
∑n
k,r=1 T
β
kj(f)F
αβ
rk e
α
r . Hence, for
any pair (i, j), we have
−[Λ0, F
αβ
ij ] +
n∑
k=1
TαikF
αβ
kj =
n∑
k=1
Fαβik T
β
kj(B.0.64)
Remark B.0.65. Let (X,Λ0) be a nonsingular Poisson variety and (F,∇) be a Poisson vector
bundle with the associated flat Poisson connection {−,−}F : OX ⊗ F → F . Then H om(F,F )
is a Poisson vector bundle via {f, φ}H om(F,F )(x) = {f, φ(x)}F − φ({f, x}F ), where f ∈ OX , x ∈
F, φ ∈ H om(F,F ) (see [Pol97]). Let us denote the induced Poisson OX -module structure on
H om(F ,F) by ∇H om(F,F ). Then ∇H om(F,F ) : H om(F,F ) → TX ⊗ H om(F,F ) is defined by
∇H om(F,F )(φ)(f) = {f, φ}H om(F,F ) and we have a complex of sheaves (see Remark 4.0.27)
H om(F,F )• : H om(F,F )
v0:=∇H om(F,F )
−−−−−−−−−−→ TX ⊗H om(F,F )
v1−→ ∧2TX ⊗H om(F,F )
v2−→ · · ·
We will denote the i-th hypercohomology group by Hi(X,Λ0,H om(F,F )
•,∇H om(F,F )). Let U =
{Uα} be an open cover of X such that F |Uα
∼= ⊕ni=1O|Uα as in Remark B.0.62. We keep the nota-
tions in Remark B.0.62. Then H om(F,F )|Uα can be identified with a sheaf of OX |Uα-valued matri-
ces and TX⊗H om(F,F )|Uα can be identified with a sheaf of TX |Uα-valued matrices. Let E
α
ij be the
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matrix whose (i, j) component is 1 and other components are 0. Then Eαij can be considered as a lin-
ear transformation from ⊕ni=1OX |Uα to ⊕
n
i=1OX |Uα which defines an element of Γ(Uα,H om(F,F )).
Now we compute ∇H om(F,F )(E
α
ij) explicitly. Set ∇H om(F,F )(E
α
ij) =
∑n
p,q=1 c
α
pq · E
α
pq, where c
α
pq ∈
Γ(Uα, TX). We explicitly find c
α
pq. For any local section f ∈ OX , we have ∇H om(F,F )(E
α
ij)(f) =
{f,Eαij}H om(F,F ) =
∑n
p,q=1 c
α
pq(f)·E
α
pq. Then by applying e
α
k , we have {f,E
α
ij(e
α
k )}F−E
α
ij({f, e
α
k}F ) =
{f,Eαij(e
α
k )}F − E
α
ij(
∑n
r=1 T
α
rk(f)e
α
r ) = {f,E
α
ij(e
α
k )}F −
∑n
r=1 T
α
rk(f)E
α
ij(e
α
r ) = {f,E
α
ij(e
α
k )}F −
Tαjk(f)e
α
i . On the other hand,
∑n
p,q=1 cpq(f)E
α
pq(e
α
k ) =
∑n
p=1 c
α
pk(f)e
α
p . Then we have
{f,Eαij(e
α
k )}F − T
α
jk(f)e
α
i =
n∑
p=1
cαpk(f)e
α
p
(1) When k 6= j, −Tαjk(f)e
α
i =
∑n
p=1 c
α
pk(f)e
α
p so that −T
α
jk = c
α
ik, and c
α
pk = 0 for p 6= i.
(2) When k = j, {f, eαi }F − T
α
jj(f)e
α
i =
∑n
r=1 T
α
ri(f)e
α
r − T
α
jj(f)e
α
i =
∑n
p=1 c
α
pj(f)e
α
p so that
Tαii − T
α
jj = c
α
ij , and T
α
pi = c
α
pj for p 6= i.
Then ∇H om(F,F )(E
α
ij) = (T
α
ii − T
α
jj)E
α
ij +
∑
k 6=j −T
α
jkE
α
ik +
∑
p 6=i T
α
piE
α
pj so that for any pair (i, j),
∇H om(F,F )(E
α
ij) = v0(E
α
ij) =
n∑
p=1
TαpiE
α
pj −
n∑
k=1
TαjkE
α
ik(B.0.66)
Definition B.0.67. Let (X,Λ0) be a nonsingular Poisson variety and (F,∇) be a Poisson vector
bundle on (X,Λ0). Let A be in Art. An infinitesimal deformation of (F,∇) over Spec(A) is a Pois-
son vector bundle (F ,∇F ) over A on (X ×Spec(k) Spec(A),Λ0) such that (F,∇) = (F ,∇F )|(X,Λ0).
Two deformations (F ,∇F ) and (F
′,∇F ′) of (F,∇) over A are isomorphic if there is an isomor-
phism (F ,∇F ) ∼= (F
′,∇F ′) of Poisson OX×Spec(k)Spec(A)-modules. Then we can define a functor of
Artin rings
Def(F,∇) : Art→ (sets)
A 7→ {infinitesimal deformations of (F,∇) over A}/isomorphism
Proposition B.0.68. Let (X,Λ0) be a nonsingular Poisson variety and (F,∇) be a Poisson vector
bundle of rank n on (X,Λ0). Then
(1) There is a 1− 1 correspondence
Def(F ,∇)(k[ǫ]) ∼= H
1(X,Λ0,H om(F,F )
•,∇H om(F,F ))
(2) Let A ∈ Art and η = (F ,∇F ) be an infinitesimal Poisson deformation of (F,∇) over A.
Then, to every small extension e : 0 → (t) → A˜ → A → 0, we can associate an element
oη(e) ∈ H
2(X,Λ0,H om(F,F )
•,∇H om(F,F )) called the obstruction lifting of η to A˜, which
is 0 if and only if a lifting of η exists.
Proof. Let U = {Uα} be an open covering of X such that F |Uα
∼= ⊕ni=1OX |Uα as in Remark
B.0.62. We keep the notations in Remark B.0.62 and Remark B.0.65. Let (F ,∇F ) be a first-order
deformation of (F,∇) over k[ǫ]. Then F|Uα
∼= ⊕ni=1OX×Spec(k)Spec(k[ǫ])|Uα = ⊕
n
i=1OX |Uα ⊗ k[ǫ] with
transition matrices {Fαβ + ǫGαβ} for some matrix Gαβ := (gαβij ), g
αβ
ij ∈ Γ(Uαβ,OX ) and ∇F (e
α
j ) =∑n
i=1(T
α
ij + ǫW
α
ij)e
α
i for some W
α
ij ∈ Γ(Uα, TX). Then {G
αβ} can be considered as an element of
C1(U ,H om(F,F )). Let Wα be the Γ(Uα, TX)-valued matrix whose (i, j) component is W
α
ij . In
other words, Wα =
∑n
i,j=1W
α
ijE
α
ij . Then {W
α} can be considered as an element of C0(U , TX ⊗
H om(F,F )). We claim that ({−Wα}, {Gαβ}) ∈ C0(U , TX ⊗ H om(F,F )) ⊕ C
1(U ,H om(F,F ))
defines a 1-cocycle in the following Cˇech resolution.
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C0(U ,∧3TX ⊗H om(F,F ))
v2
x
C0(U ,∧2TX ⊗H om(F,F ))
−δ
−−−−→ C1(U ,∧2TX ⊗H om(F,F ))
v1
x v1x
C0(U , TX ⊗H om(F,F ))
δ
−−−−→ C1(U , TX ⊗H om(F,F ))
−δ
−−−−→ C2(U , TX ⊗H om(F,F ))
v0=∇H om(F,F )
x v0x v0x
C0(U ,H om(F,F ))
−δ
−−−−→ C1(U ,H om(F,F ))
δ
−−−−→ C2(U ,H om(F,F ))
−δ
−−−−→
Indeed, v1(W
α) = v1(
∑n
i,j=1W
α
ijE
α
ij) =
∑n
i,j=1[Λ0,W
α
ij ]·E
α
ij−
∑n
i,j=1W
α
ij∧v0(E
α
ij) =
∑n
i,j=1[Λ0,W
α
ij ]·
Eαij −
∑n
i,j,k=1W
α
ij ∧T
α
kiE
α
kj +
∑n
i,j,k=1W
α
ij ∧T
α
jkE
α
ik by (B.0.66). On the other hand, since [Λ0, T
α
ij +
ǫWαij ] +
∑n
k=1(T
α
ik + ǫW
α
ik) ∧ (T
α
kj + ǫW
α
kj) = 0 by (B.0.63), we have
[Λ0,W
α
ij ] +
n∑
k=1
Tαik ∧W
α
kj +
n∑
k=1
Wαik ∧ T
α
kj = 0
Hence v1(W
α) = 0 so that v1({−W
α}) = 0.
Next we will show δ({−Wα})+ v0({G
αβ}) = 0. Let us consider F βα = (F βαij ) so that F
βαFαβ =
In. First δ({−W
α}) = {−W β + F βαWαFαβ} since Wα : ⊕ni=1OX |Uα → ⊕
n
i=1TX |Uα becomes
F βαWαFαβ in terms of ⊕ni=1OX |Uβ → ⊕
n
i=1TX |Uβ . Second let us compute v0({G
αβ}). We note
that Gαβ : ⊕ni=1OX |Uβ → ⊕
n
i=1OX |Uα becomes F
βαGαβ In terms of ⊕ni=1OX |Uβ → ⊕
n
i=1OX |Uβ .
Then from (B.0.66),
v0(F
βαGαβ) = v0(
n∑
i,j,k=1
F βαik g
αβ
kj E
β
ij) =
n∑
i,j,k=1
−[Λ0, F
βα
ik g
αβ
kj ]E
β
ij +
n∑
i,j,k=1
F βαik g
αβ
kj v0(E
β
ij)
=
n∑
i,j,k=1
−F βαik [Λ0, g
αβ
kj ]E
β
ij +
n∑
i,j,k=1
−gαβkj [Λ0, F
βα
ik ]E
β
ij +
n∑
i,j,k,p=1
F βαik g
αβ
kj T
β
piE
β
pj −
n∑
i,j,k,p=1
F βαik g
αβ
kj T
β
jpE
β
ip.
Then the coefficient of Eβij is as follows (here we use −[Λ0, F
βα
ik ] +
∑n
p=1 T
β
ipF
βα
pk =
∑n
p=1 F
βα
ip T
α
pk
from (B.0.64)).
−
n∑
k=1
F βαik [Λ0, g
αβ
kj ]−
n∑
k=1
gαβkj [Λ0, F
βα
ik ] +
n∑
p,k=1
F βαpk g
αβ
kj T
β
ip −
n∑
p,k=1
F βαik g
αβ
kp T
β
pj
= −
n∑
k=1
F βαik [Λ0, g
αβ
kj ] +
n∑
p,k=1
gαβkj F
βα
ip T
α
pk −
n∑
p,k=1
gαβkj T
β
ipF
βα
pk +
n∑
p,k=1
F βαpk g
αβ
kj T
β
ip −
n∑
p,k=1
F βαik g
αβ
kp T
β
pj
= −
n∑
k=1
F βαik [Λ0, g
αβ
kj ] +
n∑
p,k=1
F βαip T
α
pkg
αβ
kj −
n∑
p,k=1
F βαik g
αβ
kp T
β
pj
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Hence
δ({−Wα}) + v0({G
αβ})
(B.0.69)
= {(−W βij +
n∑
p,k=1
F βαik W
α
kpF
αβ
pj −
n∑
k=1
F βαik [Λ0, g
αβ
kj ] +
n∑
p,k=1
F βαip T
α
pkg
αβ
kj −
n∑
p,k=1
F βαik g
αβ
kp T
β
pj)}
On the other hand, from (B.0.64), we have −[Λ0, F
αβ
kj + ǫg
αβ
kj ] +
∑n
p=1(T
α
kp + ǫW
α
kp)(F
αβ
pj + ǫg
αβ
pj ) =∑n
p=1(F
αβ
kp + ǫg
αβ
kp )(T
β
pj + ǫW
β
pj) so that we have
−[Λ0, g
αβ
kj ] +
n∑
p=1
Tαkpg
αβ
pj +
n∑
p=1
WαkpF
αβ
pj =
n∑
p=1
Fαβkp W
β
pj +
n∑
p=1
gαβkp T
β
pj.
By multiplying
∑n
k=1 F
βα
ik , we get
−
n∑
k=1
F βαik [Λ0, g
αβ
kj ] +
n∑
k,p=1
F βαik T
α
kpg
αβ
pj +
n∑
k,p=1
F βαik W
α
kpF
αβ
pj −W
β
ij −
n∑
k,p=1
F βαik g
αβ
kp T
β
pj = 0
From (B.0.69), we have δ({−Wα}) + v0({G
αβ}) = 0.
Lastly, δ({Gαβ}) = {FαβGβγ−Gαγ+GαβF βγ}. Since (Fαβ+ ǫGαβ)(F βγ+ ǫGβγ) = Fαγ+ ǫGαγ ,
we have FαβGβγ + GαβF βγ = Gαγ so that δ({Gαβ}) = 0. Hence ({−Wα}, {Gαβ}) ∈ C0(U , TX ⊗
H om(F,F )) ⊕ C1(U ,H om(F,F )) defines a 1-cocycle in the above Cˇech resolution.
Assume that we have two equivalent first-order deformations (F ,∇F ) and (F
′,∇F ′) of (F,∇)
over Spec(k[ǫ]), which are represented by ({Fαβ+ǫGαβ = (Fαβij +ǫg
αβ
ij )}, {T
α+ǫWα = (Tαij+ǫW
α
ij)})
and ({Fαβ + ǫG′αβ = (Fαβij + ǫg
′αβ
ij )}, {T
α + ǫW ′α = (Tαi + ǫW
′α
i )}) respectively so that there exist
matrixces {Aα := (aαij)|a
α
ij ∈ Γ(Uα,OX)} which define an element of C
0(U ,H om(F,F )) such that
(I + ǫAα)(Fαβ + ǫGαβ) = (Fαβ + ǫG′αβ)(I + ǫAβ). Then AαFαβ +Gαβ = G′αβ + FαβAβ so that
−δ({Aα}) = ({G′αβ − Gαβ}) ∈ C1(U ,H om(F,F )). On the other hand, since Id + ǫAα define a
morphism of Poisson OX -modules from (F ,∇F ) to (F
′,∇F ′), we have −[Λ0, δij+ǫa
α
ij]+
∑n
k=1(T
α
ik+
ǫW ′αik)(δkj + ǫa
α
kj) =
∑n
k=1(δik + ǫa
α
ik)(T
α
kj + ǫW
α
kj). Then −[Λ0, a
α
ij ] +
∑n
k=1 T
α
ika
α
kj + W
′α
ij =∑n
k=1 a
α
ikT
α
kj+W
α
ij so that v0({A
α}) = ({Wα−W ′α}). Hence a = ({−Wα}, {Gαβ}) is cohomologous
to b = ({−W ′α}, {G′αβ}). This proves (1) in Proposition B.0.68.
Now we identify obstructions. Let us consider a small extension e : 0 → (t) → A˜ → A → 0 in
Art and let η = (F ,∇F ) be an infinitesimal deformation of (F,∇) over Spec(A). Let U = {Uα}
be an open covering of X such that (F ,∇F ) be represented by transition matrices {(H
αβ
ij )} with
Hαβij ∈ Γ(Uij,OX×Spec(A)) and
∑n
j=1H
αβ
ij H
βγ
jk = H
αγ
ik , and {(Y
α
ij )} where Y
α
ij ∈ Γ(Uα, TX) ⊗ A,
[Λ0, Y
α
ij ] +
∑n
k=1 Y
α
ik ∧ Y
α
kj = 0, and −[Λ0,H
αβ
ij ] +
∑n
k=1 Y
α
ikH
αβ
kj =
∑n
k=1H
αβ
ik Y
β
kj. In order to see
if a lifting η˜ of η to Spec(A˜) exists, we choose an arbitrary collection {F˜αβij } and {Y˜
α
ij } where
F˜αβij ∈ Γ(Uαβ,OX×Spec(A˜)) restricts to H
αβ
ij , and Y˜
α
ij ∈ Γ(Uα, TX)⊗ A˜ restricts to Y
α
ij .
Let [Λ0, Y˜
α
ij ]+
∑n
k=1 Y˜
α
ik∧Y˜
α
kj = tS
α
ij, where S
α
ij ∈ Γ(Uα,∧
2TX). Then the Γ(Uα,∧
2TX)-valued ma-
trices Sα := (Sαij) define an element in C
0(U ,∧2TX⊗H om(F,F )) in terms of ⊕
n
i=1OX |Uα → ⊕
n
i=1∧
2
TX |Uα . Let −[Λ0, F˜
αβ
ij ]+
∑n
k=1 Y˜
α
ik F˜
αβ
kj −
∑n
k=1 F˜
αβ
ik Y˜
β
kj = tQ
αβ
ij where Q
αβ
ij ∈ Γ(Uαβ , TX). Then the
Γ(Uαβ , TX)-valued matrices Q
αβ := (Qαβij ) define an element in C
1(U , TX ⊗H om(F,F )) in terms
of ⊕ni=1OX |Uβ → ⊕
n
i=1TX |Uα . Let
∑n
k,p=1 F˜
αβ
ik F˜
βγ
kp F˜
γα
pj = δij + tg
αβγ
ij where g
αβγ
ij ∈ Γ(Uαβγ ,OX).
Then the Γ(Uαβγ ,OX)-valued matrices G
αβγ := (gαβγijk ) define an element in C
2(U ,H om(F,F )) in
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terms of ⊕ni=1OX |Uα → ⊕
n
i=1OX |Uα . Putting F˜
αβ := (F˜αβij ), we have F˜
βαF˜αβ = In, F˜
αβF˜ βγF˜ γα =
In + tG
αβγ and F˜αγF˜ γβF˜ βα = In − tG
αβγ .
We claim that ({−Sα}, {Qαβ}, {Gαβγ}) ∈ C0(U ,∧2TX⊗H om(F,F ))⊕C
1(U , TX⊗H om(F,F ))⊕
C2(U ,H om(F,F )) defines an 2-cocycle in the above Cˇech resolution.
First, we show that v2({S
α}) = 0, equivalently v2(tS
α) = 0. Indeed, from (B.0.66),
v2(tS
α) = v2(
n∑
i,j=1
tSαijE
α
ij) =
n∑
i,j=1
−[Λ0, tS
α
ij ]E
α
ij +
n∑
i,j=1
tSαij ∧ v0(E
α
ij)
=
n∑
i,j,k=1
−[Λ0, Y˜
α
ik ∧ Y˜
α
kj]E
α
ij +
n∑
i,j,p=1
tSαij ∧ T
α
piE
α
pj −
n∑
i,j,p=1
tSαij ∧ T
α
jpE
α
ip
=
n∑
i,j,k=1
−Y˜ αik ∧ [Λ0, Y˜
α
kj]E
α
ij +
n∑
i,j,k=1
[Λ0, Y˜
α
ik ] ∧ Y˜
α
kjE
α
ij +
n∑
i,j,p=1
tSαpj ∧ T
α
ipE
α
ij −
n∑
i,j,p=1
tSαip ∧ T
α
pjE
α
ij
=
n∑
i,j,k=1
−Y˜ αik ∧ (tS
α
kj −
n∑
p=1
Y˜ αkp ∧ Y˜
α
pj)E
α
ij +
n∑
i,j,k=1
(tSαik −
n∑
p=1
Y˜ αip ∧ Y˜
α
pk) ∧ Y˜
α
kjE
α
ij
+
n∑
i,j,k=1
Tαik ∧ tS
α
kjE
α
ij −
n∑
i,j,k=1
tSαik ∧ T
α
kjE
α
ij = 0
=
n∑
i,j,k,=1
−Y˜ αik ∧ tS
α
kjE
α
ij +
n∑
i,j,k=1
tSαik ∧ Y˜
α
kjE
α
ij +
n∑
i,j,k=1
Tαik ∧ tS
α
kjE
α
ij −
n∑
i,j,k=1
tSαik ∧ T
α
kjE
α
ij = 0.
Second, we show that −δ({−Sα}) + v1({Q
αβ}) = 0. We compute −δ({Sα}) = {F βαSαFαβ −
Sβ} in terms of ⊕ni=1OX |Uβ → ⊕
n
i=1 ∧
2 TX |Uβ . For this, we compute −δ({tS
α}) = {tSαF˜αβ −
F˜αβtSβ} in terms of ⊕ni=1OX |Uβ → ⊕
n
i=1 ∧
2 TX |Uα in the following (here we use that [Λ0, tQ
αβ
rj ] =∑n
k=1[Λ0, Y˜
α
rkF˜
αβ
kj ]−
∑n
k=1[Λ0, F˜
αβ
rk Y˜
β
kj]).
n∑
k=1
tSαrkF˜
αβ
kj −
n∑
k=1
F˜αβrk tS
β
kj
=
n∑
k=1
[Λ0, Y˜
α
rk]F˜
αβ
kj +
n∑
k,p=1
Y˜ αrp ∧ (Y˜
α
pkF˜
αβ
kj )−
n∑
k,p=1
F˜αβrk [Λ0, Y˜
β
kj]−
n∑
k,p=1
(F˜αβrk Y˜
β
kp) ∧ Y˜
β
pj
=
n∑
k=1
[Λ0, Y˜
α
rk]F˜
αβ
kj +
n∑
p=1
Y˜ αrp ∧ [Λ0, F˜
αβ
pj ] +
n∑
p,k=1
Y˜ αrp ∧ F˜
αβ
pk Y˜
β
kj + t
n∑
p=1
Tαrp ∧Q
αβ
pj
−
n∑
k,p=1
F˜αβrk [Λ0, Y˜
β
kj] +
n∑
p=1
[Λ0, F˜
αβ
rp ] ∧ Y˜
β
pj −
n∑
k,p=1
(Y˜ αrkF˜
αβ
kp ) ∧ Y˜
β
pj + t
n∑
p=1
Qαβrp ∧ T
β
pj
=
n∑
k=1
[Λ0, Y˜
α
rk]F˜
αβ
kj +
n∑
p=1
Y˜ αrp ∧ [Λ0, F˜
αβ
pj ] + t
n∑
p=1
Tαrp ∧Q
αβ
pj −
n∑
k,p=1
F˜αβrk [Λ0, Y˜
β
kj ] +
n∑
p=1
[Λ0, F˜
αβ
rp ] ∧ Y˜
β
pj
+ t
n∑
p=1
Qαβrp ∧ T
β
pj = [Λ0, tQ
αβ
rj ] + t
n∑
p=1
Tαrp ∧Q
αβ
pj + t
n∑
p=1
Qαβrp ∧ T
β
pj
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Hence we have
∑n
k=1 S
α
rkF
αβ
kj −
∑n
k=1 F
αβ
rk S
β
kj = [Λ0, Q
αβ
rj ] +
∑n
p=1 T
α
rp ∧Q
αβ
pj +
∑n
p=1Q
αβ
rp ∧ T
β
pj . By
multiplying
∑n
r=1 F
βα
ir , we have
n∑
r,k=1
F βαir S
α
rkF
αβ
kj − S
β
ij =
n∑
r=1
F βαir [Λ0, Q
αβ
rj ] +
n∑
r,p=1
F βαir T
α
rp ∧Q
αβ
pj +
n∑
r,p=1
F βαir Q
αβ
rp ∧ T
β
pj(B.0.70)
On the other hand, Qαβ becomes F βαQαβ in terms of ⊕ni=1OX |Uβ → ⊕
n
i=1TX |Uβ so that from
(B.0.66), we have
v1(F
βαQαβ) = v1(
n∑
i,j,k=1
F βαik Q
αβ
kj E
β
ij)
=
n∑
i,j,k=1
[Λ0, F
βα
ik Q
αβ
kj ]E
β
ij + (−1)
1
n∑
i,j,k=1
F βαik Q
αβ
kj ∧ v0(E
β
ij)
=
n∑
i,j,k=1
F βαik [Λ0, Q
αβ
kj ]E
β
ij +
n∑
i,j,k=1
Qαβkj ∧ [Λ0, F
βα
ik ]E
β
ij −
n∑
i,j,k,p=1
(F βαik Q
αβ
kj ∧ T
β
pi)E
β
pj +
n∑
i,j,k,p=1
(F βαik Q
αβ
kj ∧ T
β
jp)E
β
ip.
Then the coefficient of Eβij is as follows (here we use −[Λ0, F
βα
ik ] +
∑n
p=1 T
β
ipF
βα
pk =
∑n
p=1 F
βα
ip T
α
pk
from (B.0.64)).
n∑
k=1
F βαik [Λ0, Q
αβ
kj ] +
n∑
k=1
Qαβkj ∧ [Λ0, F
βα
ik ]−
n∑
p,k=1
F βαpk Q
αβ
kj ∧ T
β
ip +
n∑
p,k=1
F βαik Q
αβ
kp ∧ T
β
pj
(B.0.71)
=
n∑
k=1
F βαik [Λ0, Q
αβ
kj ]−
n∑
p,k=1
Qαβkj ∧ F
βα
ip T
α
pk +
n∑
p,k=1
Qαβkj ∧ T
β
ipF
βα
pk −
n∑
p,k=1
F βαpk Q
αβ
kj ∧ T
β
ip +
n∑
p,k=1
F βαik Q
αβ
kp ∧ T
β
pj
=
n∑
k=1
F βαik [Λ0, Q
αβ
kj ] +
n∑
p,k=1
F βαip T
α
pk ∧Q
αβ
kj +
n∑
p,k=1
F βαik Q
αβ
kp ∧ T
β
pj
Hence from (B.0.70) and (B.0.71), we have −δ({−Sα}) + v1({Q
αβ}) = 0.
Next we show that v0({G
αβγ})− δ({Qαβ}) = 0, equivalently v0(tG
αβγ) = δ(tQαβ). Indeed, from
(B.0.66),
v0(tG
αβ) = v0(
n∑
i,j=1
tgαβγij E
α
ij) =
n∑
i,j=1
−[Λ0, tg
αβγ
ij ]E
α
ij +
n∑
i,j=1
tgαβγij v0(E
α
ij)
=
n∑
i,j=1
−[Λ0, tg
αβγ
ij ]E
α
ij +
n∑
i,j,k=1
tgαβγij T
α
kiE
α
kj −
n∑
i,j,k=1
tgαβγij T
α
jkE
α
ik
=
n∑
i,j=1
−[Λ0, tg
αβγ
ij ]E
α
ij +
n∑
i,j,k=1
tgαβγij Y˜
α
kiE
α
kj −
n∑
i,j,k=1
tgαβγij Y˜
α
jkE
α
ik
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The coefficient of Eαij is −[Λ0, tg
αβγ
ij ] +
∑n
k=1 tg
αβγ
kj Y˜
α
ik −
∑n
k=1 g
αβγ
ik Y˜
α
kj. Then
− [Λ0, tg
αβγ
ij ] +
n∑
k=1
Y˜ αiktg
αβγ
kj −
n∑
k=1
tgαβγik Y˜
α
kj
= −[Λ0,
n∑
k,p=1
F˜αβik F˜
βγ
kp F˜
γα
pj ] +
n∑
k,p,r=1
Y˜ αikF˜
αβ
kp F˜
βγ
pr F˜
γα
rj −
n∑
k=1
Y˜ αikδkj −
n∑
k,p,r=1
F˜αβik F˜
βγ
kp F˜
γα
pr Y˜
α
rj +
n∑
k=1
δikY˜
α
kj
= −[Λ0,
n∑
k,p=1
F˜αβik F˜
βγ
kp F˜
γα
pj ] +
n∑
k,p,r=1
Y˜ αikF˜
αβ
kp F˜
βγ
pr F˜
γα
rj −
n∑
k,p,r=1
F˜αβik F˜
βγ
kp F˜
γα
pr Y˜
α
rj
= −
n∑
k,p,r=1
Y˜ αir F˜
αβ
rk F˜
βγ
kp F˜
γα
pj +
n∑
k,p,r=1
F˜αβir Y˜
β
rkF˜
βγ
kp F˜
γα
pj +
n∑
k,p=1
tQαβik F˜
βγ
kp F˜
γα
pj
−
n∑
k,p,r=1
F˜αβik Y˜
β
krF˜
βγ
rp F˜
γα
pj +
n∑
k,p,r=1
F˜αβik F˜
βγ
kr Y˜
γ
rpF˜
γα
pj +
n∑
k,p=1
F˜αβik tQ
βγ
kp F˜
γα
pj
−
n∑
r,k,p=1
F˜αβik F˜
βγ
kp Y˜
γ
prF˜
γα
rj +
n∑
r,k,p=1
F˜αβik F˜
βγ
kp F˜
γα
pr Y˜
α
rj +
n∑
p,k=1
F˜αβik F˜
βγ
kp tQ
γα
pj
+
n∑
k,p,r=1
Y˜ αik F˜
αβ
kp F˜
βγ
pr F˜
γα
rj −
n∑
k,p,r=1
F˜αβik F˜
βγ
kp F˜
γα
pr Y˜
α
rj =
n∑
k,p=1
tQαβik F˜
βγ
kp F˜
γα
pj +
n∑
k,p=1
F˜αβik tQ
βγ
kp F˜
γα
pj +
n∑
p,k=1
F˜αβik F˜
βγ
kp tQ
γα
pj
=
n∑
k=1
tQαβik F
βα
kj +
n∑
p,k=1
Fαβik tQ
βγ
kpF
γα
pj +
n∑
p=1
Fαγip tQ
γα
pj
On the other hand, δ({tQαβ}) = ({tQαβF βα + FαβtQβγF γα + FαγtQγα}). Hence we have
−δ({Qαβ}) + v0(G
αβγ) = 0.
Lastly, δ(Gαβγ ) = FαβGβγδF βα −Gαγδ +Gαβδ −Gαβγ . We note that
In − tG
αγδ − tGαβγ + FαβtGβγδtF βα + tGαβδ
= (In − tG
αγδ)(In − tG
αβγ)(In + F˜
αβtGβγδF˜ βα)(In + tG
αβδ)
= (In − tG
αγδ)(In − tG
αβγ)Fαβ(In + tG
βγδ)F βα(In + tG
αβδ)
= (F˜αδF˜ δγF˜ γα)(F˜αγ F˜ γβF˜ βα)F˜αβ(F˜ βγF˜ γδF˜ δβ)F˜ βα(F˜αβF˜ βδF˜ δα)
= F˜αδF˜ δγF˜ γβF˜ βγF˜ γδF˜ δβF˜ βδF˜ δα = F˜αδF˜ δγF˜ γδF˜ δα = F˜αδF˜ δα = In
So we have −δ(Gαβγ) = 0. Hence a := ({−Sα}, {Qαβ}, {Gαβγ}) defines a 2-cocycle in the above
Cˇech resolution.
Now we claim that given another arbitrary collection {F˜αβij } and {Y˜
′α
ij }, the associated 2-cocycle
b := ({−S′α}, {Q′αβ}, {G′αβγ}) is cohomologous to the 2-cocycle a = ({−Sα}, {Qαβ}, {Gαβγ})
associated with {F˜αβ} and {Y˜ α}. Then F˜ ′αβ = F˜αβ + tF ′αβ for some Γ(Uαβ,OX)-valued matrices
F ′αβ , and Y˜ ′α = Y˜ α + tY ′α for some Γ(Uα, TX)-valued matrices Y
′α. {F ′αβ} defines an element in
C1(U ,H om(F,F )) and {Y ′α} defines an element in C0(U , TX ⊗H om(F,F )). Then
(1) tS′αij = [Λ0, Y˜
′α
ij ]+
∑n
k=1 Y˜
′α
ik ∧ Y˜
′α
kj = tS
α
ij+t[Λ0, Y
′α
ij ]+t(
∑n
k=1 Y
′α
ik ∧T
α
kj+
∑n
k=1 Y
′α
ik ∧T
α
kj) so
that S′αij −S
α
ij = [Λ0, Y
′α
ij ]+Y
′α
ik ∧T
α
kj+
∑n
k=1 Y
′α
ik ∧T
α
kj. Hence v0({−Y
′α}) = {−S′α−(−Sα)}.
(2) tQ′αβij = −[Λ0, F˜
′αβ
ij ]+
∑n
k=1 Y˜
′α
ik F˜
′αβ
kj −
∑n
k=1 F˜
′αβ
ik Y˜
′β
kj = tQ
αβ
ij +t(−[Λ0, F
′αβ
ij ]+
∑n
k=1 Y
′α
ik F
αβ
kj +∑n
k=1 T
α
ikF
′αβ
kj −
∑n
k=1 F
′αβ
ik T
β
kj −
∑n
k=1 F
αβ
ik Y
′β
kj ) so that Q
′αβ
ij − Q
αβ
ij =
∑n
k=1 Y
′α
ik F
αβ
kj −
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∑n
k=1 F
αβ
ik Y
′β
kj −[Λ0, F
′αβ
ij ]+
∑n
k=1 T
α
ikF
′αβ
kj −
∑n
k=1 F
′αβ
ik T
β
kj. Hence δ({−Y
′α})+v0({F
′αβ}) =
{Q′αβ −Qαβ}
(3) δij+tG
′αβγ
ij =
∑n
k,p=1 F˜
′αβ
ik F˜
′βγ
kp F˜
′γα
pj = δij+tG
αβγ
ij +t(
∑n
k,p=1 F
′αβ
ik F
βγ
kp F
γα
pj +
∑n
k,p=1 F
αβ
ik F
′βγ
kpF
γα
pj +∑n
k,p=1 F
αβ
ik F
βγ
kp F
′γα
pj ) = δij+tG
αβγ
ij +t(
∑n
k=1 F
′αβ
ik F
βα
kj +
∑n
k,p=1 F
αβ
ik F
′βγ
kpF
γα
pj +
∑n
p=1 F
αγ
ip F
′γα
pj )
so that G′αβγij − G
αβγ
ij =
∑n
k=1 F
′αβ
ik F
βα
kj +
∑n
k,p=1 F
αβ
ik F
′βγ
kpF
γα
pj +
∑n
p=1 F
αγ
ip F
′γα
pj . Hence
δ({F ′αβ}) = {G′αβγij −G
αβγ
ij }.
Hence ({−Y ′α}, {F ′αβ}) ∈ C0(U , TX ⊗ H om(F,F )) ⊕ C
1(U ,H om(F,F )) in the above Cˇech res-
olution is mapped to b − a so that a is cohomologous to b. So given a small extension e : 0 →
(t)→ A˜→ A→ 0 and an infinitesimal deformation η of (F,∇) over A, we can associate an element
oη(e) := the cohomology class of a ∈ H
2(X,Λ0,H om(F,F )
•,∇H om(F,F )). We note that oη(e) = 0
if and only if there exists a collection of {F˜αβij }, {Y˜
α
ij } defining an infinitesimal deformation over A˜
which induces η. This proves (2) in Proposition B.0.68. 
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